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Abstract
Single-cycle optical pulses, the never-before-achieved regime, have a great potential for
attosecond science and phase-sensitive nonlinear optics. To achieve single-cycle optical
pulses by active synchronization, three major steps are required. Firstly, two very stable
and broadband mode-locked lasers with overlapping spectra are necessary. Secondly, a tight
timing synchronization with timing jitter under one-tenth of the synthesized pulsewidth has
to be implemented. Finally, the carrier-envelope offset frequency lock between two lasers
completes the coherent pulse synthesis process. In this thesis, the major ideas, techniques,
and experimental results for single-cycle optical pulse synthesis are presented. A broadband
Cr:forsterite laser mode-locked by a semiconductor saturable absorber is designed and im-
plemented. The output spectrum spans from 1080 nm to 1500 nm range, and has a 3-dB
bandwidth of 90 nm. This is the broadest spectrum from a prismless Cr:forsterite laser to
our best knowledge, and corresponds to a sub-20 fs Fourier-transform limited pulsewidth.
A new broadband output coupler is designed to optimize the output spectrum of an octave-
spanning Ti:sapphire laser. The resulting combined spectrum covers 1.5 octave from 600
nm to 1500 nm and has a strong overlap in 1100 to 1200 nm range, which enables a strong
beat-note signal between the two lasers. A tight timing synchronization between the two
lasers is achieved by balanced cross-correlation. The resulting timing jitter is 300 attosec-
onds, which is less than one-tenth of the synthesized pulsewidth. For a high-quality pulse
synthesis, an ultra-broadband 50:50 beam splitter, a bandpass filter beam splitter, and a
tapping beam splitter are designed with optical thin-film multilayer structures. A novel
scheme for synchronization of an RF-signal to the pulse train of a mode-locked laser is
proposed. Currently the isolation of cross-talk between two locking loops for repetition rate
and carrier-envelope phase is under investigation, and it is expected to generate true single-
cycle optical pulses in the near future. Future work will include full characterization of
the synthesized pulses with SPIDER (spectral phase interferometry for direct electric-field
reconstruction) and novel phase-sensitive nonlinear optic experiments.
Thesis Supervisor: Franz X. Kaertner
Title: Associate Professor of Electrical Engineering and Computer Science
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Chapter 1
Introduction
1.1 Motivation
Recent progress in ultrashort pulse generation enabled the generation of sub-two-cycle opti-
cal pulses with 5 fs (femtoseconds, 10-15 s) pulsewidth and octave-spanning spectra directly
from a single mode-locked laser [1, 2]. Figure 1-1 shows the history of ultrashort pulse gen-
eration in terms of pulsewidth for different laser materials and methods.
Getting shorter pulses with fewer number of cycles as well as broader spectra has a great
potential not only for the study of new physical and chemical phenomena on a very short
time scale [3] but also for the stabilized optical frequency mode comb which is the basis for
an optical clock [4].
Especially, single-cycle optical pulses, which are not realized yet, have a great scien-
tific importance in attosecond science and study of novel phase-sensitive nonlinear optic
phenomena. A single-cycle optical pulse means that we can control not only the inten-
sity envelope of the pulses but also the absolute phase of the electric field in the optical
frequency range. This will enable investigations of novel phase-sensitive phenomena, for
example, carrier-wave Rabi-flopping in GaAs which was demonstrated with sub-two-cycle
pulses [5, 6]. Moreover, well-controlled single-cycle optical pulses will significantly improve
the generation of attosecond X-ray pulses [7], which are generated via high harmonic gener-
ation (HHG) with strong few-cycle optical pulses. Thus, generation of single-cycle optical
pulses is certainly one of the most exciting and challenging topics in ultrafast science.
However, it is impossible to get an ultra-wide spectra comparable to 1.5 octave nec-
essary for generation of single-cycle optical pulses from a single mode-locked laser. The
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Figure 1-1: History of ultrashort pulse generation in terms of the years in which shorter
and shorter pulses were achieved. Figure reproduced from Ref. [8].
bandwidth of the gain medium as well as the reflectivity of mirrors cannot support 1.5
octave spectra. To overcome this problem, external compression of optical pulses [9] or
coherent superposition of multiple mode-locked lasers [10] can be used.
External pulse compression has been a quite long-standing technique, and recent progress
enabled 4-fs [11] and 3.4-fs [12] optical pulses by double-pass OPA and compression in an
Ar-filled hollow fiber, respectively. However, in terms of number of cycles, they still could
not achieve single-cycle pulses. Moreover, the repetition rate and average power are quite
limited compared to the case of few-cycle optical pulses directly from laser resonators.
Both passive and active synchronization of multiple mode-locked lasers have been investi-
gated by several groups. Passive synchronization includes dual-wavelength cross mode lock-
ing [13] and crossing Ti:sapphire and Cr:forsterite laser pulses in a Kerr medium (Ti:sapphire
crystal) for cross-phase modulation [14, 15]. Active synchronization was mainly based on
electronic phase locked-loops using high harmonics of the repetition frequencies [10, 16, 17].
These previous work could not synthesize single-cycle optical pulses. The first reason is that
the lasers were not broadband enough and could not cover 1.5 octave even with combined
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spectra. The second reason is that the synchronization scheme could not reduce the timing
jitter under sub-cycle region over full Nyquist bandwidth.
In this thesis, a new synchronization method of two broadband mode-locked lasers with
overlapping spectra will be investigated for synthesis of single-cycle optical pulses.
1.2 Thesis outline
For the single-cycle optical pulse synthesis, three major steps are necessary.
(1) Two very stable and broadband mode-locked lasers with overlapping spectra are
necessary. For this thesis research, a broadband Cr:forsterite laser (1100-1500 nm) and
an existing octave-spanning Ti:sapphire laser (600-1200 nm) is constructed and improved
respectively.
(2) Timing synchronization (it is equivalent to the repetition rate lock in frequency
domain) with timing jitter under one-tenth of the synthesized pulse width, i.e. 330 attosec-
onds, has to be implemented. For this, balanced cross-correlation [18] will be used.
(3) Carrier-envelope offset frequency locking between two lasers (also called carrier-
envelope phase lock) will complete the phase-coherent coupling of Ti:sapphire and Cr:forsterite
lasers. A homodyne detection scheme will be constructed for this step. In this final step, the
major concern will be the cross-talk between repetition rate lock and the carrier-envelope
phase lock, and some proper compensation is necessary to isolate both locking loops.
In this thesis, the major ideas, techniques, and experimental results for single-cycle
optical pulse synthesis are presented.
In Chapter 2, we review the principles of mode-locking. Mode-locking has a rich history
over 30 years, and has enabled shorter and shorter laser pulses. The fast saturable absorber
mode-locking and its implementation with KLM are discussed. The soliton mode-locking by
a slow saturable absorber and its implementation with a semiconductor saturable absorber
are also presented.
In Chapter 3, the overall scheme for active synchronization of Ti:sapphire and Cr:forsterite
lasers is presented. A balanced cross-correlator, which enables tight timing synchronization
within 300 attoseconds timing jitter between two lasers, is analyzed and discussed in de-
tail [18]. In addition, a homodyne detection, which will be used for carrier-envelope phase
locking, is analyzed.
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In Chapter 4, design and building of a stable and broadband Cr:forsterite laser is pre-
sented. Cr:forsterite laser is known as difficult to get a stable mode-locking operation due
to its low gain and severe thermal effects [19], which can limit the overall performance of
the synchronized laser system. Thus, getting a broadband and stable Cr:forsterite laser is
one of the most challenging and important tasks in this research. We could obtain 90 nm
3-dB bandwidth with SBR (saturable Bragg reflector) mode-locking, which is the broadest
spectrum from a prismless laser mode-locked by a semiconductor saturable absorber.
In Chapter 5, the design of new output coupler for octave-spanning Ti:sapphire laser
is presented. The group delay dispersion of output coupler set a limit to the spectral
characteristics of the Ti:sapphire laser. To get an ideal octave-spanning spectrum, the
output coupler also should have a tight control in group delay dispersion just like in the
case of the DCM pairs.
In Chapter 6, the design of functional beam-splitters in synchronization setup is dis-
cussed. The synchronized laser system needs four beam-splitters with different specifica-
tions. To realize a high-quality pulse synthesis, it is important to have beam-splitters which
are well-controlled in both reflectance (transmittance) and group delay dispersion. Espe-
cially, even a small oscillation in group delay can greatly distort synthesized optical pulses
with pulsewidth of just 3 femtoseconds. Ultra-broadband 50:50 beam-splitter (600-1500
nm), bandpass (1000-1200 nm) beam-splitter, and tapping beam-splitter are designed.
In Chapter 7, a new method to measure the exact repetition rate frequency from mode-
locked laser is presented. Direct measurement of optical pulse train with photodetector adds
a phase noise. With a balanced detection with RF phase-locked loop (PLL) circuit, we can
reduce the phase noise and timing jitter of the measurement. This idea and technique can
eventually be applied not only to lock the repetition rate of lasers but also to synchronize
distributed large-scale laser systems.
In Chapter 8, potential problems with completing single-cycle pulse synthesis and its
future applications are presented. The main problem will be the cross-talk between two
locking loops, and the proper loop filter to isolate the cross-talk is necessary. The future
works include the characterization of pulses with SPIDER (Spectral Phase Interferometry
for Direct Electric-field Reconstruction) technique, and novel phase-sensitive nonlinear optic
experiments.
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Chapter 2
Principles of Mode-Locking
2.1 Introduction
Mode-locking is a technique which locks the phases of multiple longitudinal modes in a
laser resonator. Using a broadband gain medium which can support many modes over
wide bandwidth, we can generate ultrashort pulses by mode-locking. If each mode is ran-
domly phased, the output intensity also randomly varies and cannot generate pulse-shaped
output. However, once the phase of each mode has a coherent phase relation, pulsed out-
put can be obtained. Figure 2-1 shows a simple simulation result illustrating the impor-
tance of phases of modes. Each figure shows the intensity of the summation of 11 modes,
_=- 5 cos(27r(10 + n)t + 0")1, where (a) is for constant phases = 0 and (b) is for
random phases. It is clear the phase coherence enables the pulsed operation.
Naturally, the broader spectrum with larger number of coherent modes in frequency
domain, the shorter pulses in time domain can be generated. Further, if the initial phase of
all the lasing modes are equal, we can generate the shortest pulses in a given gain medium,
and this is called Fourier-transform-limited pulse.
To realize this idea in a real physical system, various techniques have been developed
over 30 years. The first one is called active mode-locking. Active mode-locking uses periodic
loss modulation with devices such as acousto-optic modulator. The short pulse is built when
the modulated loss is minimum and the typical pulsewidth is in the range of 10 - 100 ps,
mainly limited by the electronic modulation speed.
To get even shorter pulses, a technique named passive mode-locking is used. Passive
mode-locking is based on a saturable absorption, where the pulse itself modulates the ab-
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Figure 2-1: Simple simulation result illustrating the importance of phase-coherence for pulse
generation.
sorption characteristic and can generate a very fast loss modulation comparable to the
pulsewidth. This saturable absorption can be implemented by a real saturable absorber
such as semiconductor devices named SBR (saturable Bragg reflector) [20] or SESAM (semi-
conductor saturable absorber mirror) [21], or by artificial saturable absorption effects such
as additive-pulse mode-locking (APM) [22] and Kerr-lens mode-locking (KLM) [23]. Es-
pecially, KLM, which is based on the Kerr-lens effect inside the laser crystal in solid-state
lasers, enables the shortest pulses directly from a laser up to date [1].
Depending on the loss recovery time and pulse formation mechanism, passive mode-
locking can be divided as fast saturable absorber mode-locking [24], slow saturable ab-
sorber mode-locking [25], and soliton mode-locking [26, 27]. Figure 2-2 shows the fun-
damental pulse shaping and stabilization mechanisms for passive mode-locking. Artificial
saturable absorbing mechanisms such as APM or KLM are based on fast saturable absorber
mode-locking. Slow saturable absorber mode-locking is realized in dye lasers by balanced
24
A.J~
-
-
:
4
loss loss loss
gain
ga.in
gain
pulse pulse pulse
time -- time -- time -+
(a) (b) (c)
Figure 2-2: Passive mode-locking mechanisms: (a) fast saturable absorber mode-locking,
(b) slow saturable absorber mode-locking, (c) soliton mode-locking. Figure reproduced from
Ref. [27]
saturation of gain and loss. Semiconductor saturable absorber based lasers can generate
short pulses by soliton mode-locking mechanism.
The passive mode-locking operation is well described by the master equation which was
developed by Haus in 1970s [24, 25]. It accounts for the main intra-cavity effects in time
domain. The master equation for mode-locking is written as
TRaOA(T, t) - + g(T,t) - q(T,t) + T + -j &(-j)nDn 0 jJIA(T, q| A(T,t),/ I n=2 a
(2.1)
where A(T, t) is the pulse amplitude, TR is the round-trip time, T is the long-term time
variable of round-trip time scale, t is the short-term time variable, I is the amplitude loss
for round-trip (output coupling), g(T, t) is the amplitude gain, q(T, t) is the loss modulation
by saturable absorption, Q9 is the gain bandwidth, Qf is the filter bandwidth, Dn is the
n-th order dispersion coefficient defined as the derivative of round-trip phase shift at center
frequency, Dn = n! ofw) ,, and 6 is the self-phase modulation (SPM) coefficient.
The main assumption of this equation is that the change in pulse shape is small per
round-trip. Thus, the steady-state solution is an averaged result. Depending on the pulse
formation mechanism, the gain g(T, t) and loss modulation q(T, t) are described differently,
and the solution of master equation is also different.
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In this thesis research, broadband Ti:sapphire and Cr:forsterite lasers are built. For the
Ti:sapphire laser, we use KLM to get the broadest bandwidth possible, up to an octave spec-
tra. For Cr:forsterite laser, we use SBR-based soliton mode-locking assisted by additional
KLM to get more stable mode-locking operation. In the following sections, we analyze the
fast saturable absorber mode-locking by KLM and soliton mode-locking by SBR in detail.
2.2 Fast saturable absorber mode-locking
In fast saturable absorber mode-locking, the loss modulation of saturable absorber q(T, t)
is instantly reacting on the intensity (Fig. 2-2 (a)).
q (t ) = qO ( 2.2)1 + I(t)/sat
where qO is the unsaturated loss, 1(t) is the intensity applied to the absorber, and Isat is
the saturation intensity of the absorber.
If the absorber is not fully saturated, we can expand Eq. (2.2) into
I(t)_q(t) = qo( 1 - ) = qO - -y(A(t)12  (2.3)
Isat
where -y is the saturable absorber modulation coefficient, y qo/IsatAe.ff
When we insert this condition for loss modulation into Eq. (2.1), the resulting master
equation for fast saturable absorber mode-locking is written as
TR A(Tt) - + Dq,f o2 + |A1 + jD2 o2 - jA 2 ]A(T,t), (2.4)O  -t [g-o+gO~~+2 t
where g is the gain, 10 l+qo is the loss (output coupling and unsaturated loss of absorber),
D9,f = g/Q2 + 1/Q2 is the gain and intra-cavity filtering dispersion coefficient, -y is the
saturable absorber modulation coefficient, D 2 is the second-order dispersion coefficient, and
6 is the self-phase modulation (SPM) coefficient. For the fast saturable absorber, the gain
g(t) can be considered as constant in time because the gain saturation can be neglected.
For dispersion, in most cases it is sufficient to consider only 2nd order dispersion (which
corresponds to GDD, Group Delay Dispersion) and neglect higher order dispersions.
This master equation accounts for all the main physical phenomena involved in pulse
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generation with fast saturable absorber - net gain with finite bandwidth (g - lo + D,f a),
saturable absorber modulation (yIAl 2), group delay dispersion (jD2 ), and self-phase
modulation (-j6JA 2). These effects should be balanced to generate a short pulse.
The steady-state solution for the amplitude is a chirped secant hyperbolic function.
t T t t T
A,(T, t) = Ao(sech(-))( exp[j T = Aosech(-) exp[j#3ln{sech(-)} + j} ], (2.5)
where r is the pulsewidth, 0 is the chirp, and 0 is the round-trip phase shift of the pulse.
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Figure 2-3: (a) Pulse width, (b) Chirp parameter, (c) net gain, (d) phase shift per pass for
fast saturable absorber mode locking. Figure reproduced from Ref. [28].
If we put this solution into the master equation (Eq. (2.4)), we can calculate the chirp
3 in terms of system parameters. After a short calculation, the chirp 3 is given by
3 3 t ()2 +2, (2.6)
where x is defined as x = (-1 + 6nD,)/(6 + D,), and normalized dispersion coefficient is
Dn = D2/Dg,f and normalized nonlinearity is J, = 6/-.
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From Figure 2-3 (a), compared to the case without self-phase modulation and dispersion
(TO = 4Dog/ yW), we can get even shorter pulses with self-phase modulation and nagative
dispersion.
We can find that in the condition of Sn = -Dr, which can be implemented by a negative
dispersion combined with small saturable absorber modulation and weak gain filtering, the
pulse is chirp-free, and the steady-state solution for the amplitude becomes
tT
A,(T, t) = Ao(sech( )) exp[T (2.7)
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Figure 2-4: Conceptual figure for artificial saturable absorber with KLM. Figure reproduced
from Ref. [28].
How can we obtain this fast saturable absorber action by Kerr-lens mode-locking (KLM)?
Figure 2-4 shows the conceptual model for the KLM. When a high intensity beam passes
the gain medium, the refractive index is changed by the optical Kerr effect.
n = no + n21, (2.8)
where no is the refractive index, n2 is the intensity dependent refractive index coefficient,
and I is the intensity.
With the optical Kerr effect, the gain medium acts as a thin lens and the self-focusing
is enhanced. The detailed analysis on how to model the self-focusing is done in Section
2.3. The beam which passed Kerr medium experiences beam narrowing by self-focusing,
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and if we filter this beam by a spatial aperture as shown in Fig. 2-4, the higher-intensity
part has lower loss while the lower-intensity part has higher loss, which is similar to the
saturable absorber action. This is called hard-aperture KLM. In most real laser systems
today, there is no real aperture in the resonator, but the cavity is tuned in a way that
the Kerr-lensing effect leads to a shrinkage of the laser mode when mode-locked [29]. This
is called soft-aperture KLM, and we will see one simplified resonator design example for
soft-aperture KLM in Section 2.3.
2.3 Resonator design for KLM operation
In this Section, we analyze a 4-mirror laser resonator in a simple analytic way with ABCD
matrices how soft-aperture KLM can occur in a certain resonator condition. The notations
and developments are based on those of Ref. [29].
R2
(a) BeamL2
L
(b) Li Ri t X R2 L2
L
(c) d, R fk R2 d2
Li L'2=x
L
(d) Di D2
R"1 R"2
z XZ kM
L
Figure 2-5: (a) 4-mirror resonator, (b) Equivalent resonator with lenses (fl,2 R1, 2/2), (c)
Equivalent 2-mirror resonator with Kerr lens ("fl,2 - L1 ,2-end mirror" in (b) is replaced
by R'1 2), (d) Equivalent 2-mirror resonator (Kerr lens is divided into two and each was
included into R'1, 2). The notations followed the development in Ref. [29].
The general resonator configuration for solid-state lasers is a 4-mirror resonator consist-
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ing of two curved mirrors for focusing of the beam into the laser crystal and two flat mirrors
for output coupling. Between the curved mirror and flat mirror, more flat mirrors can be
inserted without changing resonator characteristics.
For the resonator design, we consider R 1 = R2 = 10 cm, L, = 104 cm, L 2 = 69 cm. To
get 82 MHz repetition rate, resonator air length for one round-trip should be 3.66 m, and
L, + L 2 + L = 1.83 m in Figure 2-5 (a). Since L ~_ R = 10 cm, Li + L 2 ~_ 1.73 m and we
chose L1/L 2 = 1.5 for the starting point. From the previous experimental experiences, arm
length ratios between 1.4 to 1.8 gave the best KLM operation.
The ABCD matrix for arm 1 in Figure 2-5 (b) is
1 0[A
-y 1 0
2Li
1
1 0l
1
and the ABCD matrix for R' in Figure 2-5 (c) is expressed as
1
0
di1K
12_
0
1
2L, A
(1 -) C
(1 - ) B
D
(2.9)
1 (2.10)
From this result, we obtain
d=ZR' 
-ZR 1
1-A R1  1
C 2 1 R2L2L 1
(2.11)
(2.12)2 _(Ri) 2  1
R' ( 2 .C 2 L1(1--1
In the same manner, d2 and R' also can be obtained.
R 2  1d2 = ZR 2  ZR' 2 1 - 2L'
2L 2
R' (R 2) 2  12 2 L2(1 
- R)
2L
Putting numerical values into Eqs. (2.11) - (2.14) gives
d, = 5.25 cm, R' = -0.253 cm.
(2.13)
(2.14)
(2.15)
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I di A B
M1 0 1 C D
d2 = 5.39 cm, R2 = -0.391 cm. (2.16)
L' = L - di - d2 = (L - 10.64) cm. (2.17)
x = X - d2 = (X - 5.39) cm. (2.18)
So far we converted the 4-mirror resonator in Figure 2-5 (b) into the 2-mirror resonator
with laser crystal in Figure 2-5 (c).
When a high intensity beam passes the crystal, the refractive index is changed by the
optical Kerr effect.
n = no + n2I, (2.19)
where no is the refractive index, n2 is the intensity dependent refractive index coefficient,
and I is the intensity.
If the pump beam intensity has a zeroth-order Gaussian profile such as
2P '
I(r) = 2 exp[-2( ) (2.20)
the radial variation of refractive index can be approximated as parabolic shape and we can
model the laser crystal as a GRIN (Graded Refractive Index) lens of which index profile is
dependent on the intensity.
The refractive index is expressed as
1
n(r) =r'(1 - - 2 r2 ) (2.21)2
where
2P 1 8n 2 P
n'o = no + n2 2 , Fn= (2.22)
and the ABCD matrix of the laser crystal is
cos yt -- sin yt
MK 0- (2.23)
-ny sin yt cos -yt
For the small thickness of crystal t, we can model the laser crystal as a thin lens with
focal length of fk = 1/n>y2t. Thus, we will use an ABCD matrix of a thin lens with fk for
the laser crystal. By dividing the Kerr lens into two as shown in Figure 2-5 (d), we can
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construct equivalent 2-mirror resonator.
1 0 1L 1 0 1 L' 1 0
M = 1 (2.24)
- 1 0 1 1 0 1 -
(2g'lg'-1) 2gL' 1 A B (2.25)
k 1 1- 2.52gk',(  1 ' -1) (2gl ig, - 1) C D
where g', 1 - L'I/2fk and g= 1 - L'IR.
This should be same as
I D, 1 0 1 D1 (I _ 2D-1) 2D 1(1 - D)
= 1 . (2.26)
0 1 L 1 0 1 2 (1 2)
Thus, we can get R' and Di from Eqs. (2.24) and (2.26),
2 _ L'
R"1 2 (2.27)
C gh(g' 1 - 1)(2
and
A - 1 L' (2.28)
D1=zfk -z C
9ki
In the same manner, R' and D 2 are calculated as
L'
R'= (2.29)
.Qk2(9k292 -1
and
L 1
D2 zR''-zf =k . (2.30)
9 k2
where g9k = 1 - L'/2fk and g= 1 - L'/R
The distances from beam waist to R' and R2 are expressed as
z' z2 - Z( (D1 + D2 ), (2.31)
z2 = ZRIf - - - (D1 + D 2 ), (2.32)2 g' + g2 - 2g /g1/
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and the beam waist wo is
A2(D1 + D2)2g g'(1 - 929)
Wr(g" + g2 - 2
(2.33)
where g" = 1 - DI/R" and g 1 -D2/R' are the cavity parameters for the resonator in
Figure 2-5 (d).
Finally, the distance from beam waist to the Kerr lens is expressed as
it g"(1 - g )Di - g(1 D2
zk = Zk - ZwO = - D2 = + 2 2 1
91 + 2 -- 2g
(2.34)
and the beam radius at the Kerr lens, Wk, is
WkW0 1 + 2. (2.35)
where b = rwo2/A is the confocal parameter.
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Figure 2-6: (a) Beam waist wo as a function
(b) Beam radius at the laser crystal wk as
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Figure 2-6 (a) shows the stability regions and beam waists wo for fk = 1000 cm and
fk = 10 cm cases as a function of L (distance between R1 and R2 mirrors) and X (distance
between laser crystal and R2 mirror). We can observe that when the Kerr lensing effect is
weak (when fk is large, for example fk = 1000 cm), the stability region is almost independent
from the position of laser crystal. When Kerr lensing effect is strong so that the Kerr lens
focal length is comparable to the radius of curvature (fk ~ 10 cm), the stability region and
beam waist are strongly changed by the position of the laser crystal. Figure 2-6 (b) shows
the beam radius at the Kerr lens Wk for fk = 1000 cm and fk = 10 cm.
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Figure 2-7: (a) The variation of wo and wk as a function of L when X is set to 5.6 cm, (b)
At the edge of stability region when Kerr-lensing effect is very weak (fk = 1000 cm), the
beam size at the crystal shrinks as Kerr-lensing effect becomes stronger (fk = 10 cm in this
case).
From this result, we can find an optimal combination of L and X, where the beam radius
at the laser crystal strongly shrinks when the Kerr-lensing effect occurs. As an example,
Figure 2-7 (a) shows the variation of wo and wk as a function of L when X is 5.6 cm. In
Figure 2-7 (b), which zoomed the region where Wk shrinkage occurs in Figure 2-7 (a), we
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observe that Kerr-lensing effect can shrink the beam size at the crystal at the inner edge
of outer stability region. In this condition, higher intensity part with a shrinked beam size
has higher gain (g ~ 1/(Ap + A1 ), Ap=pump beam size, Al=laser beam size) and enhances
an effective saturable absorption. This is a soft aperture KLM operation. In the real
experiment, operation at the inner edge of outer stability region is again a good starting
point for KLM operation.
2.4 Soliton mode-locking with a slow saturable absorber
If the soliton formation is strong in the laser resonator, a short pulse with a pulsewidth
much shorter than the loss recovery time can be generated. This mechanism is called
soliton mode-locking (Fig. 2-2 (c)) [26, 27].
For soliton mode-locking, the master equation (Eq. (2.1)) can be written as
OA(T, t) a 2 a 2
TR A g - I - q(T, t)+Dgd jis + j2D21t2 - j6A(Tt)| A(T,t), (2.36)
where the saturable absorber response q(T, t) is described as
Oq(T,t) q - qo A(T,t)12  (2.37)
at TA EA
In Eq. (2.37), rA is the absorber recovery time and EA is the saturation energy of absorber.
With balancing the interplay between negative group delay dispersion (GDD, D 2 < 0)
and self-phase modulation (SPM, J > 0), i.e. soliton formation condition, the pulse is
shaped by soliton shaping effect. With a negative GDD, the high frequency component
travels faster than the low frequency component in the wave packet. On the other hand,
the positive SPM redistributes the low and high frequencies to front and back of pulse
respectively. The balancing between these two counteracting frequency arrangement enables
solitary pulses.
The steady-state solution of Eq. (2.36) is a sech-shape soliton with a continuum back-
ground.
F t ] 0TA(T, t) LA sech(-) + ac(T, t) e TR (2.38)
Unlike fast or slow saturable absorber mode-locking (Fig. 2-2 (a),(b)), the net gain window
is not closed immediately after pulse passage (Fig. 2-2 (c)). Seemingly, noise or perturbation
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can grow in this long net gain window, but in fact, they are suppressed in the strong soliton
regime. For soliton, linear (negative GDD) and nonlinear (SPM) effects are in balance.
However, noise and perturbation are not intense enough to experience nonlinearity but only
spread in time due to dispersion. This spreaded low-intensity noise is further absorbed by
saturable absorber, and decays with time. The same principle is also applied to the weak
continuum background. This spreading mechanism stabilizes ultrashort pulse against the
growth of noise and continuum even the absorber recovery time is 10-30 times longer than
the pulsewidth. Figure 2-8 shows this spreading effect by dispersion.
loss
GDD GDD
pulse
Figure 2-8: Spreading of continuum by dispersion. Figure reproduced from Ref. [27].
2.5 Physics of semiconductor saturable absorbers
Since the extensive developments in 1990s [20, 30], semiconductor saturable absorbers have
been an attractive device for mode-locking due to their flexibility in engineering wave-
length range and saturation characteristics. Although the typical absorber recovery time of
semiconductor saturable absorbers ranges from 100 fs to 100 ps, with soliton mode-locking
mechanism described in Section 2.4, ultrashort pulses as short as 10 fs could be generated
[30]. The use of real saturable absorber makes the alignment condition less sensitive com-
pared to KLM, which makes the system more easier to build and more robust. Further, it
also enables self-starting mode-locking operation.
A typical semiconductor saturable absorber consists of Bragg stack mirror and an ab-
sorbing layer. Semiconductor heterostructure (for example, GaAs/AlAs) with a quarter-
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wave Bragg stack structure grown on a GaAs substrate acts as a high reflectivity mirror.
On top of this mirror structure, a half-wave thick spacer layer is grown, and at the center
of this layer, a bulk layer of a semiconductor or multiple quantum well (MQW) structure is
embedded as a saturable absorber layer. We call this semiconductor device SBR (Saturable
Bragg Reflector). The SBR structure we designed for broadband Cr:forsterite laser is shown
in Fig. 4-5 in Chapter 4.
The carrier dynamics in the semiconductor saturable absorber occurs in three major
time scales [29]. The first phase is a coherent intraband carrier dynamics, which happens
on 10-50 fs range at room temperature. The second phase is an intraband carrier-carrier
scattering and thermalization with a typical time scale of 60-100 fs. The third phase is
an interband recombination and trapping process with a time scale of 100 fs to 100 ps
range. With a pump-probe measurement technique, we can examine the carrier dynamics
inside semiconductor saturable absorber. Figure 2-9 shows the pump-probe response from
Ref. [30]. We easily see the bitemporal impulse response with a fast time constant from
intraband thermalization and a slow time constant from interband recombination. This
carrier-lifetime can be engineered over a large range depending on the growth condition
and purity of materials. For example, special low-temperature growth or ion-bombardment
can result in a very short lifetime [29].
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Figure 2-9: Pump-probe measurement result for AR-coated SESAM with 10-fs excitation
pulse. Figure reproduced from Ref. [30].
The next issue is the saturation fluence and high fluence effects of saturable absorbers.
The typical saturation fluence of semiconductor saturable absorbers is estimated by mod-
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elling the semiconductor as a two-level system. In III-V semiconductors, the dipole moment
is about d 0.5 nm for interband transitions, the dephasing time is about T2 = 20 fs, and
the refractive index is n0 = 3. With these values, the saturation fluence FA is calculated as
[29]
h 2 o 2FA = 5 3  p1/cm . (2.39)
2T2ZF0 eod 2
Figure 2-10 shows the saturation fluence measurement with 100 fs excitation pulses of a
GaAs absorbing layer [30]. The measurement is well fitted with a theoretical curve with
saturation fluence of FA 40 pJ/cm2.
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Figure 2-10: Saturation measurement with 100-fs pulses. Figure reproduced from Ref. [30].
In practice, to aviod Q-switched mode-locking, the absorber is often operated far above
the saturation fluence. This can induce certain high fluence effects such as two photon
absorption (TPA) and free carrier absorption (FCA), which can modify the saturation
characteristics significantly [31, 32]. Thus, it is important to find the right energy density
on the saturable absorber to prevent instability of mode-locking driven by high fluence
effects.
Figure 2-11 shows the differential pump-probe measurement of a semiconductor sat-
urable absorber for various pump fluences [32]. At low fluences, the bleaching dynamics of
the saturable absorber is dominant. However, at high fluences, nonlinear processes such as
TPA and FCA dominate the response. The sharp peak downward is caused by TPA and
the slow decay upward is caused by FCA. These high fluence effects are mitigated by larger
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focus size on the saturable absorber, and this motivates the larger area saturable absorber.
In Chapter 4, we see that the SBR for the Cr:forsterite laser has a diameter of 500 [Lm, and
this enables large focus size and effectively suppresses the high fluence effects.
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Figure 2-11: Differential pump-probe measurement of a semiconductor saturable absorber
for various pump fluences. Figure reproduced from Ref. [32].
The last aspect to examine is the multiple pulse break-up. If the soliton-like pulse is
completely shaped, the pulsewidth is
41D 2 1
6W
(2.40)
where D2 is the nagative dispersion, 6 is the self-phase modulation coefficient, and W is the
pulse energy.
As the pulse energy W increases, the pulsewidth decreases. However, at a certain point of
pulse energy, the absorber is fully saturated and cannot stabilize the solitary pulse anymore.
If the soliton loss becomes larger than continuum loss, continuum-breakthrough happens.
Another possibility is multiple-pulse break-up. When a single pulse breaks into double
pulses, each pulse has a lower energy with a longer pulsewidth. It increases the absorber
loss, but if the absorber was already over-saturated by a single pulse, the double pulses can
also sufficiently saturate the absorber. Further, narrower bandwidth of each pulse reduces
the filter loss from finite gain bandwidth. Thus, at a certain high pulse energy condition,
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multiple-soliton solutions can be favored over a single-soliton solution.
The filter and absorber losses for a single- and double-pulse solution are given by
Di + q,(W), (2.41)
D__ W Df W
2 =3(2)2 + qs(- 2 + qs(). (2.42)3(72 2 12-2 2
For single pulse solution, li should be smaller than 12, that is,
Df W
__ < () - q(W) AqS. (2.43)
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Figure 2-12: Difference in absorber loss as a function of intracavity pulse energy normalized
by saturation energy. Figure reproduced from Ref. [33].
From Eq.(2.43), we observe the shortest pulse before multiple-pulse break-up can be
generated when the absorber loss difference, Aq, is maximized. Figure 2-12 shows the
maximum difference in loss is achieved when the intracavity energy is about three times the
saturation energy of the absorber [33]. Figure 2-13 shows the pulsewidth as a function of
pulse energy of a Nd:glass laser mode-locked by a saturable absorber with 200-fs recovery
time [33]. We observe the shortest single pulse is obtained when the intracavity pulse energy
is about three times the saturation energy. Above that point, the pulse breaks into double
pulses.
The high fluence effects and multiple-pulse break-up set a limit on pulse energy and en-
ergy density inside the laser resonator mode-locked by semiconductor saturable absorbers.
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Figure 2-13: Pulsewidth (4) and time-bandwidth product (o) as a function of intracavity
pulse energy for Nd:glass laser. Figure reproduced from Ref. [33].
The design and fabrication of new semiconductor absorbers with better characteristics com-
bined with a careful design of the laser resonator are highly desirable.
2.6 Conclusion
In this Chapter, we have reviewed the basic mechanisms how ultrashort laser pulses can be
generated by passive mode-locking. KLM, utilizing a certain resonator condition enhancing
artificial saturable absorber effects, has enabled to generate sub-two-cycle optical pulses
with an octave spanning spectra directly from a mode-locked laser [1]. Mode-locking with
a real saturable absorber such as an SBR has an advantage of flexible resonator design and
more stable operation. In the next Chapter, we see how we can overcome the pulsewidth
and bandwidth limitation from a single laser, and generate shorter optical pulses reaching
the single-cycle regime by synchronization of multiple mode-locked lasers.
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Chapter 3
Active Synchronization of
Mode-Locked Lasers
3.1 Introduction
In this Chapter, we discuss how we can overcome the bandwidth limitation of a mode-locked
laser and synthesize single-cycle optical pulses by active synchronization of two mode-locked
lasers with overlapping spectra.
Figure 3-1 shows the time-frequency correspondence of the mode-locked laser. Due to
the difference in phase and group velocities, a phase shift of AO between carrier and envelope
is introduced for every round-trip such as
AO = Ak = (k. - kp)L = 27r f - L mod 27 (3.1)
where f, is the carrier frequency, v9 and vp are the group velocity and phase velocity
respectively, inside the laser resonator, and L is the length of the laser resonator. If there
is no special stabilization scheme, the phase shift AO is changed in a non-deterministic
manner from one pulse to the other since various perturbations on the laser can change the
amount of phase shift [34].
In the time domain, the pulse train can be expressed as
E(t) = Z(t - nTR)Jei2,fc(tnTn)+nst+4o), (3.2)
It
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Figure 3-1: Time-frequency correspondence and relationship between A# and fceo. (a) In
time domain, the pulse train has a period of TR 1/rep, and the relative phase between
the carrier and the envelope evolves from pulse-to-pulse by A#. (b) In frequency domain,
the mode combs are separated by the repetition frequency frep, and the entire mode comb is
offset from integer multiples of frep by a carrier-envelope offset frequency fceo =Aqfrep/ 2ir.
Based on Figure 6 from Ref. [35].
where E(t) is the envelope of the pulse, TR is the period of pulse train, fc is the carrier
frequency, A4 is the pulse-to-pulse phase shift, and #o is the initial phase of the first pulse.
Figure 3-1 (a) shows the pulse train in the time domain.
By taking a Fourier transform, we can obtain the mode comb in frequency domain,
E (f) J (t - nTR)e(2fc(tnT)n±++o)ei22f tdt (3.3)
Z ej(n~a$-2wfcTr)++o) Jg(t -- nTR)e-32r(f-fc)tdt (3.4)
= eJ 4'oE(f - fc) S c(Aq - 2rrf TR + 2rrm) (3.5)
where E(f) =f 5(t)e--2 xftdt is the envolope in the frequency domain. From Eq. (3.5),
we observe that the mode comb is formed in the frequency domain with frequencies of
-~ mfep ± Aqfrcp/2rr. (3.6)
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From Eq. (3.6), we see the entire mode comb is shifted by an amount of Aofrep/ 2Wr,
and we call this the carrier-envelope offset frequency and denote it as fc,,. So we can write
the frequency components in the mode comb as fm = mfrep - fc,,. Figure 3-1 (b) shows
the frequency domain characteristics.
It is obvious that, by coherent superposition of mode combs from multiple mode-locked
lasers with different wavelength ranges, we can generate an ultra-wideband mode comb
beyond the bandwidth limit of a single mode-locked laser. Especially, to get a 1.5 octave
spectrum from 600 nm to 1500 nm, an octave-spanning Ti:sapphire laser (600 - 1200 nn)
[1, 2] and a broadband Cr:forsterite laser (1100 - 1500 nm) [19, 36] can be used. Figure 3-2
shows the combined spectra of the octave-spanning Ti:sapphire laser and the 30-fs saturable
absorber mode-locked Cr:forsterite laser [18].
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Figure 3-2: Optical spectra of the octave-spanning Ti:sapphire and 30-fs Cr:forsterite lasers.
Figure reproduced from Ref. [18].
Figure 3-3 shows the conceptual view how mode combs from Ti:sapphire laser and
Cr:forsterite laser are distributed in frequency domain. To coherently superimpose mode
combs from each laser, it is clear that we should match the spacing of the mode comb
(equivalent to the repetition frequency, fp) as well as the offset of the mode comb (equiv-
alent to the carrier-envelope offset frequency, fceo). In Section 3.2 and 3.3, the methods for
locking repetition frequency and carrier-envelope offset frequency are described.
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Figure 3-3: To coherently superpose mode combs from Ti:sapphire and Cr:forsterite lasers,
both the repetition frequency and the carrier-envelope offset frequency should be matched,
that is, frepi = frep2 and fceoi = fceo2 should be satisfied.
3.2 Repetition frequency lock by balanced cross-correlator
The first step for the active synchronization is to lock the repetition frequency of the two
mode-locked lasers. We should not only match the spacing of the mode combs in frequency
domain, but also overlap the pulses with each other with sub-femtosecond timing jitter.
3.2.1 Repetition frequency lock by phase-locked loop
For an active synchronization, the phase-locked loop (PLL) [37, 38], which has already been
widely used in RF communication field, can be used. PLL is a kind of feedback control
loop whose frequency is forced to lock to the input signal frequency. It basically consists of
(1) phase detector (PD) which detects the difference between input and output phases, (2)
loop filter which modifies the bandwidth and reduces phase error, and (3) voltage-controlled
oscillator (VCO) which adjusts the output frequency by the loop filter output voltage.
Figure 3-4 shows the simple concept how PLLs can be applied to lock the repetition
frequency. Suppose the repetition frequencies of Cr:fo and Ti:sa lasers are fi and f2,
respectively. The output from each photodetector has a waveform of
vi(t) = A,(t) sin(2irfit + #1) = Al(t) sin(01 (t)), (3.7)
v2 (t) = A 2(t) cos(27rf2t + 42) = A 2(t) cos(02 (t)), (3.8)
and vi(t) and v2 (t) are applied to a mixer which acts as a phase detector (PD). The output
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Figure 3-4: The conceptual scheme to lock repetition rate with phase-locked loop (PLL).
of PD is
Vd(t) = Kmvi(t)V 2 (t) = 0.5KmAiA 2 sin{61(t)-0 2 (t)}+0.5KmA1A 2 sin{0l(t)+02(t)}. (3.9)
At the loop filter the sum frequency term is removed by low pass filtering, and for a small
value of 0e = 01 - 02 = 27r(fi - f 2)t + (01 - 02), the voltage is approximated by
vd(t) 0.5KmAiA 2 {27r(fi - f 2 )t + (#1 - 02)} = 0.5KmAIA 20e. (3.10)
This voltage is integrated by a PI controller in the loop filter. In the s-domain, the output
of the loop filter can be simply written as
Vc(s) = F(s)V'(s) = 0.5F(s)KmA1A 2 Ee(s) (3.11)
where F(s) is the transfer function of the loop filter.
Finally, this voltage is applied to a mirror-mounted piezo-electric transducer (PZT) to
control the cavity length and eventually the repetition frequency of Ti:sa laser. The cavity
length is L = L + AL = Lo - Kpt v, and the repetition frequency of the Ti:sa is changed
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according to
C c cKpzt v(.2
2L 2(Lo - KpztvC) 2LO
where the cavity length change by the PZT is very small compared to the cavity length.
Then the output phase change in the s-domain can be written as
0 0 (s) = 1cKz 8 = K 4L F(s)K1AKA2 Oe(s), (3.13)
s 2L0 s cL F K )
and the open loop gain G(s) can be defined as
G(s) = () 1 (cKPztF(s)KA1A2 . (3.14)
0,(s) s 4L 2
Finally the closed loop transfer function is written as
02(s) G (s)
0 1(s) - + G(s)(
It is evident that we can attain a robust synchronization by this PLL scheme if the
open loop gain is sufficiently large. However, the serious problem is the timing jitter by
electronic phase detector (mixer) has ps range and cannot be applied to our application
which requires sub-fs timing jitter. Several previous works [16, 17] used high-harmonics of
repetition frequency for locking to reduce the timing jitter, but it still could not achieve
sub-fs timing jitter over the Nyquist bandwidth.
3.2.2 Principles of balanced cross-correlator
To overcome this limitation by electronic phase detector, a balanced cross-correlator, the
optical equivalent of a balanced microwave phase-detector, was proposed [18]. The main idea
is using nonlinear optic process (sum frequency generation), which is a much faster process
in a sub-fs scale compared to electronic circuit operation in the ps range. This enables not
only very precise timing control between pulses but also drift-free synchronization.
Figure 3-5 shows the balanced cross-correlator and the feedback loop for a repetition
frequency lock. If the Ti:sa pulse advances Cr:fo pulse by At, the electric field of the
combined pulse can be written as
E(t, At) = Ec(t) + ET(t + At) = c(t)e( 2wfct+c) + ET(t + At)ej(27fT(t+At)+$T) (3.16)
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Figure 3-5: The balanced cross-correlator and the feedback loop for repetition frequency
lock.
where Ec(t) (ET(t)) is the electric field of Cr:fo (Ti:sa) pulse, Ec(t) (ET(t)) is the complex
amplitude of Cr:fo (Ti:sa) pulse, fc (fT) is the carrier frequency of Cr:fo (Ti:sa), #c (OT) is
the phase of Cr:fo (Ti:sa), and At is the relative time delay between Cr:fo and Ti:sa pulses.
After passing the negative group delay of -T/2 between Ti:sa and Cr:fo pulses, which
makes the Ti:sa pulse advance the Cr:fo pulse by T/2, the electric field is changed as
E(t, At, -T/2) = EC(t) + ET(t + At + T/2) (3.17)
= Ec(t)ej(27fct+Oc) + ET(t + At + T/2)ej(2rfT(t+At+r/2)+4T) (3.18)
Then this combined pulse is divided into two by beam-splitter, and only one arm (arm 2)
experience a relative group delay of r. The electric field at the input of SFG (sum frequency
generation) crystal of each arm is written as
El = c(t)ej(2 fct+#Pc) + ET(t + At + TF/2)ej(27fT (t+At+r/2)++T)
E 2 Ec(t + r/2)ej(27fc(t+r/2)+Oc) + ET(t + At)e(27rfT (t+At)+OT)
(3.19)
(3.20)
The crystal is phase matched for sum frequency generation of fT from Ti:sa pulse and
fc from Cr:fo pulse. After passing SFG crystal, the electric field is proportional to the
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nonlinear polarization P(2 )(t) C E(t)2 , and it is expressed as
E SFG p(2) C (ci()e(27fct+Oc) + JT+(t + At + Tj 2 )eJ(27fT(t+At+r/2)+OT) 2
E2FG X(2) (uc(t + T/2)ej(2xfc(t±T/2 )+#c) + ET(t + At)ej(2,ffT(t+At)+T) ) (3.22)
We can see that there are three optical frequency components in E SFG and E FG, that
is, fc + fT (sum frequency), 2fc (second-harmonic of Cr:fo), and 2 fT (second-harmonic of
Ti:sa). By use of optical filter which passes only sum frequency component, the photocur-
rent generated by photo detector is the time integration over the intensity envelope of the
sum frequency component (for simplicity, the scale factors such as responsivity and wave
impedances are all normalized).
KI1(At)) f 2c(t)ET(t + At + T/ 2 )ej{27(fc+fT)t+2 fT(At+( /2)+(c+T)} 2 dt (3.23)
4| c(t) 2  T(t + At + -F/2) 2dt f 41c(t)IT(t + At + Tr/2)dt. (3.24)
(I2 (At)) 2E(t + / 2)E(t - 22(fc+f)t+27ft+fc /2)+(C+T )} dt
(3.25)
4| c(t + T/2) 2 | T(t + At) 2dt J 41c(t +-/2)IT(t + At)dt. (3.26)
where (I (At)) (i = 1, 2) is the averaged photo current, and Ic(t) (IT(t)) is the intensity of
Cr:fo (Ti:sa) pulse.
Here, note that the photocurrent only depends on the initial time difference between
Cr:fo and Ti:sa pulses, At, since r and -T/ 2 are fixed group delays and the optical field is
integrated over time t.
Finally, the output of the balanced detector is the difference of the photocurrents.
Iot ) (At)) -(A) - (12 (At)) (3.27)J 41c(t)IT(t + At + T/2)dt - J 4Ic(t + T/2)IT(t + At)dt(3.28)
Lets consider the case when the pulses are perfectly overlapped, that is, At = 0. In this
case, (Ii) = (2) is satisfied since the time difference between Cr:fo and Ti:sa pulses is same
as T/2 for both detectors and the integrated area is also the same. Thus, the output of
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balanced cross-correlator is zero.
In the case when the Ti:sa pulse leads the Cr:fo pulse with At > 0, (12(At)) is larger
than (11(At)) since the pulse separation for arm 2 is smaller than arm 1 (that is, 1r/2+AtI >
Ir/2 - AtI), and the output of balanced cross-correlator is negative ((Iout) < 0). On the
other hand, if Cr:fo pulse leads Ti:sa pulse (At < 0), the output becomes positive. If IAtj
becomes too large, that is, the separation between Cr:fo and Ti:sa pulses is too large, the
pulse overlap is very small and (Io.t) approaches zero.
Figure 3-6 shows the numerical simulation result for the balanced cross-correlator. The
Ti:sa and Cr:fo pulses were assumed to have a sech 2-shape intensity envelope with 6-fs and
30-fs FWHM pulsewidth, respectively. The group delay T was assumed as 45 fs. We observe
the simulation agrees well with the qualitative prediction above.
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Figure 3-6: The simulation result for a balanced cross-correlator as a function of time
difference between Ti:sa and Cr:fo pulses. The Ti:sa and Cr:fo pulses were assumed as 6-fs
and 30-fs sech2 shape, respectively. Group delay of r = 45 fs.
3.2.3 Experimental result
For the experiment, a 1 mm thick LBO crystal was used for sum frequency generation. It
was phase-matched for 833 nm light from Ti:sa laser and 1225 nm light from Cr:fo laser to
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generate 496 nm light (1/496nm = 1/833nm + 1/1225nm). The experimental result using
3 mm fused silica for the group delay (r= 45 fs) is shown in Figure 3-7. From Figure 3-7 (b),
we see that the derivation in section 3.2.2 is in good agreement with the real experiment.
Note that the separation of peaks is the same as the group delay T (in this experiment, 45
fs), and we can change this value by changing the thickness of the group delay material.
We can use a smaller group delay which enables a tighter lock at the expense of difficulty
in finding the locking range.
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Figure 3-7: (a) Timing jitter measurement from 10 mHz to 2.3 MHz shows rms-jitter of 300
± 100 as. (b) The output of the balanced cross-correlator as a function of time difference
between Ti:sa and Cr:fo pulses. A group delay of r = 45 fs by 3 mm thick fused silica is
used. For the sum frequency generation, 833 nm from Ti:sa laser and 1225 nm from Cr:fo
laser was used to generate 496 nm. Figure reproduced from Ref. [18].
Figure 3-7 (a) shows the timing jitter measurement result which was done by an out-
of-loop cross-correlator [17]. The timing jitter measured from 10 mHz to 2.3 MHz reveals
rms-jitter of 300 ± 100 as (attoseconds, 10-18 s). The upper limit 2.3 MHz comes from the
bandwidth of detector we used. Considering that the main contribution of timing jitter is
up to a few times of the relaxation oscillation frequency [39], which is about 70 kHz and 140
kHz for Ti:sa and Cr:fo lasers respectively, the noise above 2.3 MHz is assumed negligible.
We have examined the operation of a balanced cross-correlator which acts as a phase
detector with fs range control and attosecond timing jitter. The function of loop filter and
cavity length control by PZT (which corresponds to a VCO) are similar to the previous
discussion of a simple PLL scheme. In the real experimental setup, we used two mirror-
mounted PZTs with different bandwidth characteristics to keep the lock against both fast
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noise and slow drifts.
3.3 Carrier-envelope offset frequency lock
Once we get a properly overlapped pulse train from Ti:sa and Cr:fo lasers by a repetition
frequency lock described in Section 3.2, the next step is to lock the difference in carrier-
envelope offset frequency to zero. The widely used offset-locking technique, which was also
employed in [10], could be applied, however, it would not lead to a long term stable phase
coherent output, since any change in the path length of the offset lock would be transferred
to the output beam [8].
To overcome this problem, a homodyne detection with in-loop beam-splitter can be
used. To realize a homodyne detection, we need an overlapped spectrum between Ti:sa and
Cr:fo laser to beat adjacent frequency components from each laser. From Figure 3-2, we
observe that the two lasers have an overlapping spectra from 1100 nm to 1200 nm, and we
can use homodyne detection at 1160 nm where the overlap is the strongest.
Arm 24j* .Cr:fo -....
Ti:sa
AO M ...... ....---------- Loop Filter +-.-.-------.--.-- .-.-
Pump
Figure 3-8: The homodyne detection for carrer-envelope offset locking.
Figure 3-8 shows the schematic diagram for homodyne detection and the feedback loop
to control feo of the Ti:sa laser.
We can write the electric field of the pulses from each laser as
Ec(t) = kc(t)ej2,fct + nc(t), (3.29)
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ET(t) = kT(t)ej2 7rfTt + nT(t),
where Ec(t) is the electric field of the Cr:fo laser pulse, Ec(t) is the envelope of the Cr:fo
laser pulse, fc is the center frequency of the Cr:fo laser, and nc(t) is the amplitude noise
from the Cr:fo laser. In the same manner, parameters in Eq. (3.30) are defined for the Ti:sa
laser.
If we combine these pulses from each laser by a perfect lossless beamsplitter, that is,
the reflectivity is R = -1/v2 and the transmittivity is T = jl/V 2, the combined fields at
each arm is expressed as
E1 (t) 12 [- (Ec(t)ej2f Ot + nc (t)) + j (ET (t)e j2rfTt + nTh(t))] (3.31)
E 2 (t) EI - [- ( T(t)ej2i+fTt + nTt)+ j (Zc(t)ej2fCt + nc(t) (3.32)
We can see that there is a 900 phase shift between reflected and transmitted wave, and
this phase shift eventually enables the homodyne detection.
Then we pass each combined beam through a narrow-band optical filter which transmits
only a small range of wavelength in the overlapped spectrum,
E'1(t) = K (k(t)e2rf~t +-M'+(t) + j (k t)ei22rt + nr+(t) (3.33)
El (t) = [ (E (t)e" f+ + / + j (E(t)e 2xCI + n'C(t)) (3.34)
where E(t) and E(t) are the filtered amplitude, n' (t) and n'r(t) are the filtered noise,
and f6 and [' are the adjacent mode frequencies (such that fp - fT' < frep/2) from Cr:fo
and Ti:sa lasers respectively.
The photocurrent at each photo detector is expressed as
(11(t)) -J . [_ (Ei (t)ej2,fct + n' (t)) + j (kl(t)ej2 f t + n'/ (t))] 2 dt (3.35)
[k |2 + 1E 2 +2 2EJJ0$ sin {2,r(f+ - f6)t + (#T - #c)} + 2336)
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(3.30)
2 d
(12 (t)) 1 ( e +')(t)eT t)e 2 + n' (t) d (3.37)
[Ik 12 + I k1 2 - 21E' Ek9| sin {27(fT/ - fC) t + (OT - OC)}I + ; .38
where n'2 = nC±2+ 2 +j(icn* -'nfrnT). Note that only the beat frequency component
and DC component remain, and the optical frequency components disappear due to the low
pass filtering of the photodiode.
The output of the detector is the difference between the photocurrents, (Ii) - (2).
(Ioet(t)) = (Ii(t)) - (12 (t)) = 2| B'HE6 sin {27r(f+ - fb)t + (#T - dc)} (3.39)
Here, we can see that the DC components as well as the amplitude noise from each laser
are cancelled by the homodyne detection. Only the beat frequency component, (fYI - fl),
is remained. Further, this beat frequency corresponds to the difference in carrier-envelope
offset frequency, Afceo fcejsa fcfo, up to a multiple of repetition frequency.
After passing a loop filter which is a PI controller with low pass filter, the signal is
applied to an acousto-optic modulator (AOM) which modulates the pump laser intensity
to the Ti:sa resonator.
According to the derivation based on soliton perturbation theory in Ref. [40] (a detailed
derivation is presented in Appendix B), the change in fceO, Afceo, is dependent on the
change in intra-cavity energy Aw and the change in cavity length AL as
Afceo 6 2A Aw ( q AL
= 2 + mo I - ) (3.40)frep 2,7 wo VP) L
where 6 is the self phase modulation coefficient, A 0 is the pulse amplitude, m0 is the number
of modes in the frequency comb between zero and the center frequency fo, vg and vp are
the group and phase velocity respectively, wo is the intra-cavity pulse energy, Aw is the
fluctuation in intra-cavity pulse energy, L is the cavity length, and AL is the fluctuation in
cavity length.
If the group velocity and the phase velocity are almost equal (less than an order of
mU'), the fluctuation by intra-cavity energy can dominate the change in fceo frequency. By
modulating the AOM with the beat signal, we can modulate the intra-cavity energy and
eventually change the carrier-envelope offset frequency of the Ti:sa laser. The closed loop
55
with sufficiently high open-loop gain locks Afceo to zero. We are currently pursuing this
homodyne detection scheme, and once we obtain this carrier-envelope offset lock along with
the repetition frequency lock, we complete the active synchronization of two independent
mode-locked lasers.
However, there is a problem with closing those two (repetition frequency and carrier-
envelope offset frequency) locking loops simultaneously. The repetition frequency is also
changed by the intra-cavity energy fluctuation according to Ref. [40] as
Afrep _ 2 6 A 2w AL
m 0  (3.41)fep mo 27r wo L'
where no is the number of modes in the frequency comb between zero and center frequency
fo, 6 is the self-phase modulation coefficient, AO is the pulse amplitude, Aw is the change
in intracavity energy, w is the intracavity energy, AL is the cavity length change, L is the
cavity length.
This link between the intracavity energy and cavity length induces a cross-talk be-
tween two locking loops, and hinders the simultaneous lock. There should be a proper
programmable loop filter to isolate this cross-talk, and this issue is dealt in detail in Chap-
ter 8.
3.4 Conclusion
Active synchronization of two mode-locked lasers is a promising method for synthesis of
single-cycle optical pulses. Two different control loops are necessary for repetition fre-
quency lock and carrier-envelope offset frequency lock. A balanced cross-correlator enabled
a tight timing synchronization within 300 attoseconds of timing jitter between two lasers.
A phase lock with a homodyne detection is under investigation, and the isolation of cross-
talk between two control loops is the main challenge. This issue is dealt more in depth in
Chapter 8.
For the next two Chapters, we look into the design, implementation, and optimization of
lasers used for synchronization. Broadband Cr:forsterite and Ti:sapphire lasers were built
and improved respectively.
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Chapter 4
Broadband Mode-Locked
Cr:forsterite Laser
4.1 Introduction
A broadband Cr:forsterite laser is a very important light source at 1.3 Pim for fiber op-
tic characterization, time-resolved spectroscopy, and biomedical imaging [41]. Further, its
broad spectral range from 1100 nm to 1500 nm can be also used to get an ultra-wide
spectrum over 1.5 octave from 600 nm to 1500 nm by synchronization with octave-spanning
(600-1200 nm) Ti:sapphire laser. This opens up a possibility to generate single-cycle optical
pulses by active synchronization described in Chapter 3.
However, the starting and stabilization of mode-locking operation in Cr:forsterite laser
are known as quite difficult compared to other solid-state lasers [19]. Firstly, low thermal
conductivity of Cr:forsterite crystal [42] induces strong thermal loading, which hinders stable
mode locking operation. Secondly, the low gain of Cr:forsterite crystal makes it hard to
get a lasing operation and the laser is sensitive to intra-cavity losses. In addition, low
absorption coefficient requires longer laser crystals, and this induces large second- and
third-order dispersion which should be compensated over the whole wavelength region.
With these difficulties, the Cr:forsterite laser can potentially limit the overall performance
of the synchronized laser system. Thus, it is very important to build a very stable and
broadband Cr:forsterite laser by careful design and implementation.
Since the first demonstration of laser operation with Cr:forsterite crystals in 1988 [43],
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various approaches were developed to overcome the problems above and get shorter pulses
with wider spectrum. Femtosecond pulses were obtained by active mode-locking [44], Kerr-
lens mode-locking [45], mode-locking by saturable absorber [19], and cavity dumping [47].
In 2001, 14-fs pulses at 100 MHz repetition rate, the shortest pulses reported to date, were
obtained by Kerr-lens mode-locking operation with dispersion compensation by Double
Chirped Mirrors (DCMs) over 300 nm [36]. Recently, ring cavity laser generating 30-fs
pulses at 420 MHz repetition rate was reported [48].
In this Chapter, the design and implementation processes of broadband Cr:forsterite
mode-locked laser are described with experimental results.
4.2 Characteristics of Cr:forsterite crystal
Forsterite (Mg 2 SiO 4 ) is a member of the olivine family of crystals, which is a naturally
occurring gem. A unit cell of forsterite has four formula units in an orthorhombic structure
of the space group Pbnm. The unit cell dimensions are a = 4.76 A, b = 10.22 A, and
c = 5.99 A [43]. When doped with Chromium ions, Cr3+ and Cr 4+ ions can substitute for
the octrahedrally coordinated Mg and the tetrahedrally coordinated Si, respectively [49].
4.2.1 Absorption and fluorescence
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Figure 4-1: Absorption and fluorescence spectra of Cr:forsterite crystal at room tempera-
ture. The fluorescence is excited by 488 nm. Figure reproduced from Ref. [43].
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Figure 4-2: Absorption and fluorescence spectra of Cr:forsterite crystal in near-infrared
range. The solid curve is for room temperature, and the broken line is for liquid-nitrogen
temperature. Fluorescence characteristics of Cr:forsterite crystal for 1064nm pumping.
Figure reproduced from Ref. [50].
Cr:forsterite covers an important wavelength range in the near-infrared spectral region
from 1100 nm to 1400 nm. Figure 4-1 and 4-2 show the absorption and fluorescence spectra
of Cr:forsterite crystal from an early investigation presented in Ref. [43] and [50]. Figure 4-1
shows the absorption and fluorescence excited by 488-nm argon laser at room temperature.
Figure 4-2 shows a closer look at near-infrared range. The fluorescence was excited by 1064
nm. The used crystal was 4.5 mm long with 0.04 % doping. The polarization was parallel
with b-axis, and the beam propagated along a-axis [43, 50]. From these results, it is evident
that the Cr:forsterite crystal emits a strong fluorescence from 1100 nm to 1400 nm range.
For pumping, there are several possibilities in wavelength range, and 780 nm, 980 nm and
1064 nm have been usually used for pumping [51]. Typically, 1064 nm pumping is used and
we also used 1064 nm Nd:VAN pump laser as described in Section 4.5.1.
4.2.2 Thermal loading and lensing
The Cr:forsterite crystal suffers the most from lifetime thermal loading among solid-state
laser crystals [52]. Lifetime thermal loading mainly comes from the degradation of upper-
state lifetime by increasing the temperature and the poor heat conductivity of the crystal.
Thermal loading reduces the population inversion and consequently increases threshold
power for lasing. Further, it can induce thermal lensing effects in the laser crystal which
can change the beam profile and power transmission in the laser cavity [53]. Thus, it is
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helpful to examine the thermal characteristics of the Cr:forsterite crystal to determine the
proper crystal length and absorption coefficient for best mode-locking operation.
To evaluate the lifetime thermal loading, we follow the derivation of Sennaroglu (Ref. [52]).
The fluorescence life time -rf has an approximately linear relation with temperature T, and
it can be written as,
Tf = Tf ~- rfT (T - Tr), (4.1)
where rf o is the lifetime measured at reference temperature T, and -rfT is the sensitivity in
lifetime on temperature change. Figure 4-3 shows the temperature-dependent lifetime for
Cr:forsterite, Cr:YAG, and Ti:sapphire crystals.
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Figure 4-3: Temperature-dependent lifetime data for Cr:forsterite, Cr:YAG, and Ti:sapphire
crystals. Figure reproduced from Ref. [52].
Then the pump-induced heating inside a cylindrically symmetric gain rod of radius ro
is considered. The axial temperature distribution T1 (z) due to a constant cylindrical heat
load of radial width wh is given by
T1( Z) = Tb -In2jheapoPp(z) 2 r]TlZ)Tb 4 7 K I Wh(~~) (4.2)
where T is the crystal boundary temperature, apo is the small-signal differential-absorption
coefficient at the pump wavelength, Pp(z) is the pump power, and K is the heat conductivity.
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TCr SapphireCrl-:Forstente
Parameter Symbol Unit Cr:forsterite Ti:sapphire
Heat conductivity K W/cm-K 0.05 0.35
Thermal lifetime coefficient rfT /K 0.0490 0.0175
Lifetime at Tb T(T) /-S 2.9 3.2
Pump wavelength AP pIM 1.06 0.532
Laser wavelength AL Pm 1.26 0.8
Heating fraction r/h dimensionless 0.91 0.44
Lifetime figure of merit (FOM) <D, dimensionless 6.7 290
Table 4.1: Thermal and spectroscopic parameters, and calculated FOM of Cr:forsterite and
Ti:sapphire. For FOM calculation, ro=2.5 mm, Tb=20 'C, wh=50 pim, apO=1 cm- 1 and
Pp=1W are used. Data from Ref. [52].
Heating fraction rj/ is defined as
power emitted at AL Ap Tf(Tb) (43)
power absorbed at AP AL T,
where AP and AL are the pump and laser wavelength respectively, TJ(Tb) is the fluorescence
lifetime at the crystal boundary temperature, and -rr is the radiative lifetime.
The figure of merit (FOM) for lifetime thermal loading can be defined as the ratio of
fluorescence lifetime at the crystal boundary temperature (Tf(Tb)) to the maximum change
in lifetime by heating from 1 W of pump power (ATr).
Tf (Tb) (4.4)
The maximum change in lifetime is evaluated as Arr = TfT(T - Tb) by Eqs. (4.1) and
(4.2), and the FOM can be expressed as
47r rf (Tb) (4.5)
1n 2 Tf T /hjapoPp[1 + 2ln(ro/wh)]
Here, we can see that low heat conductivity (K) and high sensitivity in lifetime on tem-
perature (fT), combined with high heating fraction (TOh) and pump absorption coefficient
(gpo), make FOM lower, which also makes sense by intuition.
Table 4.1 shows crystal parameters and calculated FOM for Cr:forsterite crystal and
Ti:sapphire crystal, the most commonly used solid-state laser crystal. We can see that
Ti:sapphire has about 43 times better FOM than Cr:forsterite. In the same way, FOMs for
other Cr-doped laser crystals can be obtained, and the FOMs of Cr:YAG, Cr:LiCAF and
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Cr:ZnSe are 29, 740 and 150, respectively [52]. It is obvious that Cr:forsterite has the most
severe thermal loading.
Given a gain medium, heat conductivity (r), thermal lifetime coefficient (TfT), and
heating fraction (rp) are not changeable. The only controllable parameter is the pump
absorption coefficient, apo. It is obvious that too low or too high apo causes problems
because too low absorption cannot support lasing while too high absorption will give more
severe thermal loading to the crystal. Thus, it is important to find an optimal apo which
can absorb sufficient pump power for lasing and of which thermal loading does not damage
stable operation.
The thermal loading inside the laser crystal causes two main problems for mode-locking.
One problem is the thermal lensing which is caused by a change in refractive index of the
crystal due to the change in temperature distribution. The other is a loss increase by thermal
absorption in the cavity. Since the resonator condition is critical for stable mode-locking,
these thermal effects have strong influences on lasers.
Sennaroglu et al. obtained the thermal focal length and transmission correction factor
by thermal lensing and absorption effects in Ref. [53]. The wave number in a medium can
be written as
k = ko n - j (4.6)
2ko
where ko is the vacuum wave number, n is the refractive index, and a is the differential
absorption coefficient.
For small change in temperature, n and a can be approximated as linear function in
temperature,
n = no+ n(T - Tr), (4.7)
a = GO + aT(T - Tr), (4.8)
where no and ao are the refractive index and absorption coefficient at a reference tempera-
ture Tr, and nT and c- are thermal coefficients, and T is the temperature.
The temperature distribution T(r, z) inside crystal can be approximated by quadratic
variation in radius as
T(r, z) - Tb ~ To(z) - Ti(z)r2 (4.9)
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where
To(z) = aoP exp(--aoz) ('yIl 2r f0 exp(-t) dt (4.10)47r, w2(z) 2 r/W 2 (z) t
and
aoP1 exp(-aoz)
T, (Z) 27rw 2 (z)
From Eqs. (4.6), (4.7), (4.8) and (4.9), the wave number with thermal effects is expressed
as
k = kcv'l + A[Tb-T +To(z) -T(z)r2], (4.12)
where k, is the cold wave number without thermal effects, k, = kono(1 - jio), Oo = ',
and A = 71_ - j~O .T
If we insert this wave number which accounts for thermal effect into the wave equation
and apply slowly varying envelope approximation, we can get a differential equation for
beam parameter q(z).
( + (.') + AT,(z) = 0. (4.13)
(,) dz q
From this equation, a thermal focal length and transmission correction factor can be
obtained by first-order perturbative correction.
The thermal focal length fT can be written as [53, 54, 55]
2
fT = K , (4.14)7nT Pph(1 - exp(-apl))'
where r is the thermal conductivity of the crystal (in W/cm K unit), TIT is the refractive
index change per temperature (in K-' unit), wo is the pump beam waist (in cm unit), Pph
is the fraction of pump power that results in heating inside crystal (in W unit), a is the
absorption coefficient (in cm'1 unit), and I is the crystal length (in cm unit). In fact, there
is a slight difference in the results between Ref. [53] and Ref. [54], and we follow the result
from Ref. [54] which was also examined experimentally in Ref. [55].
For Cr:forsterite crystal, K = 0.05 (W/cm K) [52], and nT = 0.8 x 10- 6 (K1) [56, 57].
The crystal we used for the experiment has absorption coefficient of ac = 0.9cm- 1 , and
length of I = 1 cm (see Section 4.2.4).
The controllable parameters are the focus size of pump beam and the heat-converted
pump power. To mitigate the thermal lensing effect, it is obvious we should not focus
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too tight inside the crystal. In fact, the focus size cannot be changed arbitrary once the
resonator length is determined because the cw laser mode and pump mode inside the crystal
should have a similar size for a good mode overlap. For 82 MHz repetition rate, the pump
beam size has ~20 to 30 pim radius.
For the pump power, it is preferable to reduce the incident power but it also reduces
the laser power. The easiest way to maintain sufficient pump power and to reduce the heat
conversion is by lowering the crystal temperature. That is the reason why low temperature
cooling of Cr:forsterite crystal is highly desirable in many real experiments.
The transmission correction factor is expressed as
7*(aoz) = exp [ - + In (2 r} , (4.15)
where -y = 0.57721 is the Euler's constant, and ro is the radius of the crystal. It is clear too
high pump power can decrease the transmission and increases unwanted intra-cavity loss.
From the above results, we conclude that the poor thermal characteristics of a Cr:forsterite
crystal can limit the laser performance by thermal loading, lensing and absorption. To mit-
igate these problems in real laser systems, it is important to choose the right absorption
and length of crystal, control pump power and focal size in the crystal properly, and lower
the crystal temperature sufficiently.
4.2.3 Dispersion
Due to the low gain and high thermal loading characteristics of Cr:forsterite crystal, the
length of the crystal should be sufficiently long to absorb enough pump power for lasing
and to avoid local heating inside the crystal. In the previous work, typical value has been
between 5 mm and 20 mm, and in this thesis research, a 10 mm long crystal is used. This
is much longer than in the case of Ti:sapphire, typically 2 mm long. The longer crystal has
larger GDD (Group Delay Dispersion, corresponds to second order dispersion) and TOD
(Thrid Order Dispersion), and the Cr:forsterite crystal is the dominant source of GDD and
TOD in the resonator.
Thus, to precisely control GDD and TOD in the laser resonator, it is important to
know GDD and TOD of the Cr:forsterite crystal accurately for the whole spectral range of
the laser. Several groups have measured group delay and dispersion of Cr:forsterite crystal
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with different methods [19, 58, 59, 60]. The most recent result [60] is based on white-light
interferometry, and the GDD measurement was in good agreement with the previous data
both from in-situ cavity dispersion measurements by Yanovsky et al. [58] at 1250 nm and
white-light interferometry by Zhang et al. [19] for 1100-1600 nm. For TOD measurement,
it was in good agreement with Yanovsky et al. [58] at 1250 nm, but different from Zhang et
al. [19] about 50%. For our design, we use Thomann et al.'s most recent result (Ref. [60]),
which is believed to be the most reliable data.
For the light polarized along b-axis of the crystal, GDD and TOD per unit length (1
mm) can be fitted by [60]
GDDrIJ = 2K 2 +6K 3 (27rc) - +12K4(27rc)2 - +20K27rc)3 - [fs 2]
(4.16)
TOD r:I = 6K 3 + 24K 4 (27rc) 7rC)2 1 - [fs3] (4.17)
where K 2 = 8.1644 (fs2 /mm), K 3 = 11.286 (fs 3/mm), K 4 = -9.7882 (fs4 /mm), K 5 = 12.097
(fs 5/mm), c = 0.3 (pm/fs) and A is the wavelength in pm unit. Figure 4-4 shows the GDD
and TOD of a 1 mm Cr:forsterite crystal from 1050 to 1600 nm.
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Figure 4-4: GDD and TOD of a 1 mm Cr:forsterite crystal.
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4.2.4 Cr:forsterite crystal for the experiment
We used the Cr:forsterite crystal from Scientific Materials Co., Montana. The doping is
0.2 wt. % and the absorption at 1064 nm is a = 0.9 cm- 1 . It has dimensions of 2 mmx3
mmx10 mm in cxbxa axis orientation according to Pbnm crystallographic notation. The
crystal is cut by Brewster angle along b axis (the light polarization should be along b axis),
when the light propagation is along a axis.
4.3 SBR (Saturable Bragg Reflector)
For a stable and broadband Cr:forsterite laser, we use a broadband saturable Bragg reflector
(SBR) for mode-locking. The basic physical aspects of semiconductor saturable absorbers
are reviewed in Section 2.5.
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Figure 4-5: SBR structure for broadband Cr:forsterite laser.
The main drawbacks of semiconductor saturable absorbers are the bandwidth limita-
tion from the saturable absorber mirror structure and power limitation from the physical
mechanism inside the absorber such as two photon absorption (TPA). There are still plenty
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of rooms for improvement in SBR design and fabrication to get broader bandwidth and
better characteristics. Especially, with Cr:forsterite, it is hard to get stable pure-KLM op-
eration due to its low gain and thermal problems, and it is highly desirable to develop a
better semiconductor saturable absorber to ensure shorter pulsewidth as well as stability of
mode-locking operation.
Figure 4-5 shows the designed SBR structure with the electric field distribution for the
broadband Cr:forsterite laser. 7-pair of Alo.3 Gao 7As/oxidized AlAs Bragg stack is used for
broadband mirror structure, and a 40nm InGaAs quantum well is used for the absorbing
layer. This SBR was grown and oxidized at Prof. Kolodziejski's group at MIT.
The conventional Bragg stack design employed GaAs as a high-index material and AlAs
as a low-index material. This has limited the pulsewidth due to their narrow reflection
bandwidth. For broader bandwidth, the steam oxidation of GaAs/AlAs was employed, but
the lattice contraction during oxidation results in delamination between GaAs and AlxOy
[61]. Low temperature oxidation techniques stabilized the mirror-layers [62], but still limited
the oxidation dimension.
The main improvement for the new SBR device compared to the previous ones is its
employment of AlGaAs (-30% Al) instead of GaAs for the Bragg stack layer [61]. It also
greatly extended the oxidation dimension up to 500 pm diameter dimension. Large area
SBRs are highly desirable to avoid problems involved with too tight focusing such as two
photon absorption (TPA) and free carrier absorption (FCA).
Figure 4-6: SBR structure for broadband Cr:forsterite laser. (a) Top view. (b) Side view
taken by SEM. Figure reproduced from Ref. [61]
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SBR epilayers were grown using gas source molecular beam epitaxy on GaAs, and the
SBR shape was defined using photolithography and wet etchants [61]. At 420 'C the mirror
was completely oxidized in 4.25 hours without absorber delamination. Using A10 .3 GaO. 7As
as the mirror's high index layer strengthens bonding between layers upon oxidation, while
preventing significant oxidation of this layer [61]. To examine the extent of oxidation,
cross-sectional images of the oxidized layers were taken using scanning electron microscopy
(SEM).
Figure 4-6 (a) and (b) show top and side views of the SBRs. The top view shows a
fully-oxidized 500 gm diameter SBR. The cross-section shows the 40 nm absorber layer of
InGaAs quantum well, and a 7 pair mirror stack of Alo.3 Gao.7As/AlxOy.
Figure 4-7 shows the reflectance of the SBR which was measured using Fourier-transform
infrared (FTIR) spectroscopy with a 150 pm diameter spot size. The relative reflectance is
> 95 % up to 1400 nm. This wide-band reflectance of SBRs enables broadband Cr:forsterite
mode-locked laser.
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Figure 4-7: FTIR result of SBR. Measurement done by J. Gopinath.
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4.4 DCM (Double Chirped Mirror)
To compensate strong positive GDD of Cr:forsterite crystal, we need negative dispersion in
the resonator. For this purpose, we use dispersion compensating mirrors named Double-
Chirped Mirrors (DCMs) [64].
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Impedance-Matching Sections
Figure 4-8: (a) Standard Bragg mirror; (b) Simple chirped mirror; (c) Double-chirped
mirror. Figure reproduced from Ref. [8].
The mirrors used in a broadband solid-state laser are based on dielectric mirrors because
metal mirrors are, in general, too lossy to support highly efficient laser resonators. Figure
4-8 (a) shows the standard dielectric Bragg mirror. If we modify the Bragg mirror to a
chirped mirror shown in Figure 4-8 (b), we can make a negative dispersion because longer
wavelength travels longer optical path and has higher group delay. However, this simple
chirped mirror has a strong oscillation in group delay and GDD as a function of wavelength
due to the impedance mismatch between ambient medium and mirror stack as well as within
the stack [8]. To avoid this problem, impedance matching sections are added, and this is
called a Double-Chirped Mirror (DCM) shown in Figure 4-8 (c).
The DCMs are consisting of 48 Si0 2 and TiO 2 layers and were fabricated by ion-beam
sputtering on fused silica substrates. Figure 4-9 shows the designed and measured GDD
and its fitted curve for negative dispersion for DCMs for Cr:forsterite laser. The negative
dispersion is well controlled from 1170 nm to 1450 nm range. The short wavelength is
limited by the pump window at 1064 nm.
69
CJ
U,
0
0
300 -
200- Design
Measurement
0 -
-100 --
-200 --
Fitted curve
-300111
1100 1200 1300 1400 15
wavelength (nm)
Figure 4-9: Designed, measured GDD with fitted curve for Cr:forsterite DCM.
From 1170 to 1450 nm range, the GDD and TOD of DCM can be fitted as
GDD bo nce = M 21rc -1.1 ) + M2  27rc - 1 ) + M31 2rc - +M4 [fs 2]
(4.18)
TOD DCM {c MI (c + M 2 27rc - + M 3 [fs 3] (4.19)
where M1 = 2332.6 (fs5 ), M2 = 655 (fs 4), M3 = -530 (fs3 ), M 4 = -160.7 (fs 2 ), and A is the
wavelength in pm unit.
With multiple bounces on DCMs, we can implement sufficient negative dispersion com-
pensating the positive dispersion of the Cr:forsterite crystal, and enable a prismless laser
resonator. The fine tuning of dispersion is achieved by changing the insertion of CaF2 or
BaF2 wedges.
4.5 Design of broadband mode-locked Cr:forsterite laser
4.5.1 Pump optics design
The pump laser used for Cr:forsterite laser is 1064 nm diode-pumped cw Nd:VAN laser from
High-Q Lasers. It can deliver output power up to 6 W.
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The beam profile from the pump laser was measured at several points with a CCD beam
scope. By fitting it to Gaussian beam, we could obtain the beam parameters of 570 ym
beam waist and -52 cm focus position from the pump laser aperture. The ellipticity was
>0.90.
A single focusing lens is used to focus the pump beam into the Cr:forsterite crystal. The
focal length is 80 mm. By putting the lens at 1.2 m position from the pump laser aperture,
the beam is focused to -25 pim inside the laser crystal. Figure 4-10 shows the pump beam
size as a function of distance from the pump laser aperture.
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Figure 4-10: Pump beam size.
The amplitude noise of the pump laser can influence the stability of the laser as well as
the locking control loops for synchronization of two lasers. To evaluate the noise of pump
laser, RIN (relative intensity noise) of the pump laser is measured with a photodetector
and vector signal analyzer. The photodetector used is an InGaAs pin photodiode with a 10
MHz transimpedance amplifier. Figure 4-11 shows the RIN measurement results from 10
Hz to 10 MHz. The sharp peaks are from the detector noise. The strong peak at 1 MHz
is the relaxation oscillation of the pump laser. We observe that most of the noise is a low
frequency noise under 100 Hz. This slow noise component can be suppressed by a noise
eater by tapping a small portion of output beam from the Cr:forsterite laser and fed it back
to the pump beam intensity modulator through a PI controller to control the pump power
into the laser.
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Figure 4-11: RIN (relative intensity noise) measurement result of pump laser.
4.5.2 Resonator design
The laser resonator is a standard 5-mirror cavity usually used for SBR mode-locking. It is
basically 4-mirror configuration, but one of the end-mirrors is replaced by a SBR and one
more curved mirror is added to focus the laser beam onto the SBR.
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Figure 4-12: SBR-mode-locked Cr:forsterite laser.
Figure 4-12 shows the resonator configuration. The laser uses X-fold cavity design with
10 cm ROC (radius of curvature) curved mirrors. The ROC of SBR-focusing mirror is
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Sagittal Plane Tangential Plane
Effective focal length of curved mirror f s ft f cos 0
Effective propagation distance of crystal d, = t +2 d= t 1
Table 4.2: Effective focal length of curved mirror at an incident angle 0 and effective
propagation distance in crystal for sagittal and tangential planes
also 10 cm. The resulting focus on the SBR is designed to be 300 pim diameter. The
incident angle on SBR-focusing mirror should be as small as possible for best operation.
The output coupler (OC) is 2 % one with reflectance > 95 % over 170 nm (1175-1345 nm).
The mirrors except OC are all DCMs (Double Chirped Mirrors) described in Section 4.4.
Calcium fluoride (CaF 2 ) wedges are used to fine-tune the overall dispersion. The wedges
are separated close enough to avoid prism effects.
The Cr:forsterite crystal is 10 mm long with 0.9 cm-1 absorption coefficient, and purged
with dry nitrogen to avoid water vapor condensation on the crystal. The crystal can be
cooled down to 0 'C by a water chiller. The crystal was cooled to 5 'C for mode-locked
operation.
Another important consideration in designing the resonator is the astigmatism compen-
sation. Astigmatism arises by the difference of focal length for tangential and sagittal beams
when the beam is reflected on the curved mirror. We should compensate this astigmatism
caused by curved mirrors to get a symmetric mode, and this can be done by putting a laser
crystal in a way whose effective length is different for tangential and sagittal beams. Table
4.2 shows the effective focal length of curved mirror and effective propagation distance in
crystal for sagittal and tangential planes.
For one round-trip, we can match the effective beam path for tangential and sagittal
planes by the following condition.
2(d, - dt) = 4(f, - ft) (4.20)
From Eq. (4.20) and Table 4.2, we can get an incident angle 0,
I+(t (n2 - 1) /W2 +I ) 2 2 is0 = ar ccos 
_ 
+ ~ )Vn (4.21)S2Rn4 2Rn4
The thickness of the Cr:forsterite crystal we use is t = 10 mm, the radius of curvature of
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mirrors is R = 10 cm, and the refractive index of Cr:forsterite crystal is n = 1.62 at 1260
nm [59]. With these conditions, the astigmatism compensation angle 0ejig is calculated as
Oastig =12 .
4.5.3 Dispersion compensation
To get stable soliton mode-locking and to enhance possible additional Kerr-lens mode-
locking, it is necessary to keep the overall round-trip dispersion to be slightly negative and
flat for the whole operating wavelength range. In addition to the Cr:forsterite crystal and
DCMs, air and output coupler (OC) also contribute to the intracavity dispersion. Further,
to fine-tune dispersion in the resonator, CaF2 wedges are inserted. The dispersion of the
SBR is negligible from 1100 to 1400 nm range.
The refractive indices for air and CaF 2 can be fitted as
nair 1 + 10-8 26445.9 + 148.7 1.205 0.02712 (4.22)
/ 0.5676A 2  0.4711A2  3.848A2
nCaF2 ~ 1+ A2 - 0.050262 A2 - 0.10042 A2 - 34.652
where A is the wavelength in pm.
For an optical path length of L, group delay (GD), group delay dispersion (GDD), and
third-order dispersion (TOD) are expressed as,
GD = (n - d [fs] (4.24)C dA
GDD =2c A3 2 n [fs 2 ] (4.25)7 c 2 dA2
TOD 423 312 -+ A d3n [fs 3] (4.26)dA:20 2  dA3
where L is the optical path length in pm unit, c is the speed of light, 0.3 (pmj/fs), and A is
the wavelength in [pm unit.
The dispersion of output coupler (OC) was measured with white-light interferometry
and is fitted as
GDDOC = (1000)(27c) 1 [fs 2] (4.27)
TA 1.265
TODOC = 1000 [fs3] (4.28)
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where A is the wavelength in pm unit. The fitting is valid from 1150 to 1370 nm range.
Figure 4-13 shows the measured and fitted GDD of OC with its reflectance curve.
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Figure 4-13: 2% output coupler reflectance and dispersion measurement result with the
linear fitted curve. The reflectance was measured with spectrophotometer at MIT CMSE.
The dispersion measurement was done with white-light interferometry by V. Sharma.
For one round-trip, 20 mm of Cr:forsterite crystal, 3.7 m of air, 8 bounces on DCMs, one
bounce on OC, one bounce on SBR, and a certain amount of CaF2 contribute to the overall
dispersion. The dispersion is controllable by the insertion of the CaF 2 wedges. Figure 4-14
shows the overall GDD of the resonator with GDD of each component for one round-trip
when CaF 2 insertion is 55 mm.
The total GDD is in control from 1170 to 1370 nm. The short wavelength range under
1170 nm is limited by pump window at 1064 nm of DCMs. The long wavelength range over
1370 nm is limited by output coupler and DCMs. The flatness of controlled GDD is limited
by the oscillation in GDD of DCMs. 8 bounces on DCMs induce about ±100 fs
2 oscillation.
If we neglect the oscillations, the GDD is flat within ±40 fs
2 from 1170 to 1370 nm when
CaF 2 insertion is 60 mm.
Another aspect to examine is if the third-order dispersion (TOD) can limit the pulse
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Figure 4-14: GDD of each component and the resonator for one round-trip.
compression [67]. The dispersion relation can be expanded by Taylor series,
1 GDD2  TOD 3  1 4k(w) =-w + W2 + TO +0( w4) = - + D2W2 + D3W3 + O(W4 ) (4.29)Vg 2 3! Vg
where v9 is the group velocity, D2 = GDD/2 and D 3 = TOD/6 are the second- and
third-order dispersion coefficients respectively.
If we include the TOD effect into the master equation, Eq. (2.1), it becomes
OA(T, t) 2 a2 + 3 2
TR g  -1- q(t) + Dgf + jD 2 +D3 - j6|A A(T, t). (4.30)
To avoid the pulse broadening by TOD, the term by TOD should be much smaller than the
term by GDD in Eq. (4.30), and the following relation should be satisfied.
1 1 1 1ITOD -31 < VGDD T2 (4.31)
where 7 is the pulsewidth.
Figure 4-15 shows the GDD and TOD for one round-trip from 1170 to 1370 nm range.
For simplicity, the fitted curves are used instead of measured data for DCM and OC.
From Eq. (4.31), ITODI < 13GDDTI should be satisfied. Even for -r 10 fs pulsewidth,
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Figure 4-15: GDD and TOD of the resonator for one round-trip.
13GDDrl ~ 1500 fs3 at 1250 nm, and TOD is much smaller than this value from 1170
to 1370 nm range. Thus, both GDD and TOD in the resonator are in good control for
broadband mode-locked laser.
4.5.4 CW threshold and slope efficiency
The pump power PP can be expressed as a function of the output power POst as [68, 69]
(note that there is a typo in equation (1) of [68] that fluorescence time -r is omitted)
(T + 2aPl/FOM + L)hc7r2  (432)
8o-r-\pQ, f dz
where
(z) +o +00 exp(-Azx2 - Ayy 2 ) dxdy (4.33)
- -o 1 + exp(-D 2 - Dyy 2 )
and
2. + W 2.
Aj(z) = 2 UP 2 (4.34)
Di(z) = 2 (4.35)
Ci
The parameters used above are:
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i r- I
T = output coupler transmission,
ap = pump absorption coefficient (0.9 cn--1 ),
I = crystal length (10 mm),
FOM (figure of merit) = up/ac (ratio of the absorption at pump wavelength over the
absorption at the emission wavelength, assumed as 35),
L = intracavity losses (scattering, coating imperfections, etc. Assumed as 0),
h = Planck's constant (6.626 x 10- 34jS),
c speed of light in vacuum (3 x 10 8m/s),
- emission cross section of Cr:forsterite (2.3 x 10-19 cm 2 from Ref. [68]),
-r fluorescence lifetime (depends on local temperature inside the crystal. Ref. [52] has
a fluorescence time data as a function of temperature (see Figure 4-3). On the order of 1.5
to 3 ps in room temperature.),
Ap = pump wavelength (1064 nm),
A, = laser wavelength (1250 nm),
wP(z) = wpo 1+ ( z- /2) = pump beam radius (z = 0 to 1),
Wc(z) =wc 1 + = laser mode beam radius (z = 0 to 1),
Wpo = the beam waist of pump (~- 28 pm).
wco = the beam waist of laser mode (~ 24 pm).
1, = hc/Ao-kr = saturation intensity of laser (~ 3.5 x 10 5W/cm 2 ).
u(z) = exp(-apz) = normalized pump distribution.
For simplicity, we suppose the pump and laser modes are symmetric and the astigmatism
is negligible. That is, wp(z) = wpx(z) = wpy(z) and wc(z) = wcx(z) wcy(z). In this case,
the above equations simplify to
A wz) z) + wc2(z) (.6A (z) = 2 W Z C(4.36)
w2(z)w2(z)
D(z) = (4.37)
wc2(z)
(T + 2apl/FOM + L)hc 2  (4.38)
P = (43
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Q(z) +0 + exp(- A(x 2 + y2)) dxdy
J-0, -t-0 7 + exp(-D(x2 + y2))
(4.39)
To further simplify the problem, it is constructive to linearize these equations near
threshold, Pout ~ 0.
In this case, Q(z) becomes
+ 00
Q(z) = exp(
2
A(z)x 2 )dx }
and the CW threshold power Pth is calculated as
Near the threshold, the slope efficiency rj8 is expressed as
lim dPout
P0 M,-o dPP
From Eq. (4.38), we obtain the slope efficiency as
1 dPp
rjs dPo
I I u(z)0w2w2
+0C
-0oo
Opp Of
Of OP00 t ~~=
f
+O0 exp(-A(x 2
4P ep
00 W 1+ ~I(), T exp(-
(T + 2apl/FOM + L)hcr 2
80-TAPaPf 2
(T + 2apl/FOM + L)hcr 2
8uTA a f u(z)Q(z)dz 2( f( w. CT,- )2
Of 4u(z)
a P ""' P 4 0 1w4(z)w2(z)IT(A(z) + D(z))
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A(z) (4.40)
Pth = Pp P =
(T + 2apl/FOM + L)hcr 2
8-uTAa 7r1(z) dzP 2Wz)
(4.41)
(4.42)
where
f(Pout) u(z)Q(z)2(ZWdZ)=
ozwe~)
(4.43)
Since
+ y2))
-D(x 2
afPP
Of
dxdy dz.
(4.44)
and
(4.45)
(4.46)
the slope efficiency is calculated as
8,7TAP fOz u(z) Q(z) dz 2
8TA =O . (4.47)
(T + 2al/FOM L)hcr 2  ww (A+D)
We can calculate the threshold power Pth and slope efficiency 17 from Eqs. (4.41) and
(4.47) with a simple numerical integration programming.
With taking into account the excited-state-absorption effects, the threshold power and
slope efficiency are expressed as [68]
P = Pt 1 + -th 1 1 (4.48)[ p(1 12Uth/NO)] 1 - Je/J
and
Ti8* =e 
T h 
- 1-0,Pth (4.49)
where
T + L + 2apl/FOM (4.50)
1 2 th 21(u - Je)
(p)
and o-, 0.4o and 7 ~ 0.3o are the excited-state-absorption cross sections at the laser
and pump wavelength, respectively. No ~ 4 x 10 1 8 cM- 3 is the Cr-ion concentration, and
nth provides the estimate of the average population inversion at threshold.
With the above parameters, the CW output power is expressed as
Pout = 17S*(PP - Pt*). (4.51)
Ideally, we can compare the theoretical derivation above and the experimental result with
cw Cr:forsterite laser we build. In practice, we cannot know exactly the fluorescence lifetime
of Cr:forsterite crystal which is strongly dependent on the temperature inside the crystal.
The temperature inside the crystal is quite different from the cooling temperature due to
the local heating by strong pump beam. It is more practical to estimate the temperature
inside the crystal by comparing the theoretical derivation and the experimental results, and
examine if the CW operating efficiency is in good state.
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4.6 Experimental results
4.6.1 CW operation
For CW operation, a 4-mirror resonator is used. Instead of SBR and focusing mirror, flat
DCM is used as an end mirror. Since the fluorescence of Cr:forsterite is quite weak, it is
helpful to construct a short cavity with almost same arm lengths at the beginning. The
single large stability region makes it easier to get lasing [70]. Once getting the first lasing,
we can extend each arm length by few inches and lase it again repeatedly till the desired
arm length. The final arm lengths we used for CW lasing were L = 100 cm and L 2  70
cm.
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Figure 4-16: CW output power as a function of incident pump power for 2% and 5% output
couplers.
Figure 4-16 shows the CW output power as a function of incident pump power when
the crystal was cooled to 16 'C. The absorbed pump power by crystal was measured to be
about 60 % of the incident pump power. For 2 % and 5 % output couplers, the threshold
pump power were 2 W and 4 W, and the output power were 120 mW and 190 mW at 6 W
pump power, respectively. The CW operation was very stable and repeatable over a long
time scale.
From the derivation in Section 4.5.4, we can estimate the fluorescence lifetime and the
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temperature inside the crystal. For 2 % output coupler case, when the lifetime is assumed
as -r = 2 ps, the threshold power is about 2 W and the slope efficiency is about 0.04. The
experimental result is 2 W threshold power and 0.033 slope efficiency, which shows an error
about 17 % for slope efficiency. For 5 % output coupler, the threshold power and slope
efficiency are calculated as 4 W and 0.073 respectively when the lifetime is assumed as 1.5
ps. The measured slope efficiency is 0.095, 30 % larger than the calculation. From this
result and Figure 4-3, we can estimate the temperature inside the crystal by pump-induced
heating is in the range of 40 - 50 'C. The calculation based on a simple model gives a
reasonable estimation for threshold power and slope efficiency within 30 % error.
4.6.2 Mode-locked operation
After obtaining a stable CW operation, the 4 mirror resonator is changed to the 5 mirror
resonator shown in Figure 4-12. The cavity length is adjusted to set the repetition rate of
82 MHz. The SBR arm length is set shorter than OC arm length to keep the focus size
on SBR almost constant. To get more gain and overcome the possible insertion loss from
SBR, the crystal is cooled down to 5 'C.
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Figure 4-17: Measured spectrum of broadband Cr:forsterite mode-locked laser. The 3-dB
bandwidth is 90 nm centered at 1243 nm. The Fourier-transform limited pulsewidth is 19
fs.
Before inserting SBR for the end mirror the DCM is used as an end mirror and the CW
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Figure 4-18: Pulse shape in time-domain by inverse Fourier transform of the measured
spectrum with fitted curve by ideal sech2 pulse. The Fourier-transform limited pulsewidth
is 19 fs.
operation is optimized for 5 mirror configuration. At the maximum CW power condition
in the outer stability region, the DCM end mirror is replaced with SBR and the focus is
adjusted to hit the center of the mesa. By adjusting the resonator in a way similar to CW
operation, we can increase the fluorescence and get lasing. Once lasing is obtained, it is easy
to get mode-locked operation by a slight perturbation such as shaking the output coupler.
We optimize the spectrum and output power by further adjusting the spot size and position
on the SBR, the position of the folding mirror and crystal, and the insertion of CaF2 wedge.
After optimizing the resonator for mode-locked operation, self-starting was easily obtained
and the laser operated stable for several days without the necessity for re-alignment. No
undesirable effects from SBR such as two photon absorption or multiple pulse break-up
were observed.
The mode-locked output power was 50 mW with 2 % output coupler at 6 W pump
power. Figure 4-17 shows the measured output spectrum of the Cr:forsterite laser. The
spectral range covers from 1080 nm up to 1500 nm at -30 dB from the peak power level. The
3-dB bandwidth is measured as 90 nm centered at 1243 nm. This bandwidth corresponds to
the Fourier-transform limited pulsewidth of 19 fs assuming sech
2
-pulse shape. This is one
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of the broadest spectra from a Cr:forsterite laser mode-locked by a semiconductor saturable
absorber, tied with the result in Refs. [46] and [72]. Further, this is, to our best knowledge,
the broadest spectrum from a prismless Cr:forsterite laser. Prismless cavity mode-locked by
SBR ensures a long-term stable operation, which is critical for the robust synchronization
with a Ti:sapphire laser. Another advantage is its strong spectral component in 1100 - 1150
nm range. The sufficient spectral overlap with Ti:sapphire laser will enable a strong beat
signal between the two lasers necessary for the carrier-envelope offset frequency lock using
homodyne detection.
Figure 4-18 shows the pulse shape in the time-domain by inverse Fourier-transform of
the measured spectrum assuming flat phase over the whole range. It fits with 19 fs sech
2
pulses. The long tail wings come from the long pulse formation from the strong sideband
spectral component in the 1100 - 1150 nm range.
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Figure 4-19: Measured interferometric autocorrelation trace for broadband Cr:forsterite
laser.
The pulse shape and duration in the time-domain are measured by interferometric au-
tocorrelation (IAC). The IAC used was built by Lingze Duan for characterization of octave-
spanning Ti:sapphire laser. It used 30 pm thick KDP crystal, and the crystal was type-I
phase-matched at 800 nm. Although it was phase-matched for 800 nm, it also generated a
sufficient second-harmonic signal necessary for characterizing Cr:forsterite laser centered at
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1250 nm. Figure 4-19 shows the measured IAC trace for Cr:forsterite laser.
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Figure 4-20: Pulse shape in time-domain by retrieval from autocorrelation measurement
with an inverse Fourier transform of the measured spectrum. The retrieved pulsewidth is
30 fs while the Fourier transform limited pulsewidth is 19 fs.
Using the autocorrelation result and spectral measurement, the pulse in the time-
domain is retrieved with PicasoGUI program. Figure 4-20 shows the result. The retrieved
pulsewidth is about 30 fs, which is much longer than the sub-20 fs Fourier transform limited
pulsewidth. The reason might be the uncompensated dispersions from 0.25" thick fused sil-
ica substrate of output coupler, 3 m of air, and the beam splitter in the autocorrelator. To
exactly characterize the pulse duration, it is necessary to compensate the dispersion with
external chirped mirrors. It is expected that we can characterize the pulses more accurately
in the near future.
4.7 Conclusion
We have designed and implemented a broadband Cr:forsterite laser mode-locked by semi-
conductor Bragg reflector. The 3-dB bandwidth reached 90 nm, and the spectral range
covered from 1080 to 1500 nm. This corresponds to sub-20 fs Fourier transform limited
pulsewidth. A prismless resonator mode-locked by a SBR enabled a stable and robust
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operation over a long time scale. This laser will be re-built in the synchronization setup
soon, and be coupled with an octave-spanning Ti:sapphire laser for single-cycle optical pulse
synthesis.
Is there further room for extending the bandwidth of the Cr:forsterite laser we built?
The answer is yes. The first issue is the optimization of the SBR. Higher modulation
depth by optimization of absorbing layer thickness combined with broader reflectivity of
mirror structure will significantly improve the bandwidth. A new design and fabrication is
currently processed.
The second issue is a new DCM design and changing pump wavelength to 980 nm. The
sharp roll-off of the spectrum at 1170 nm is mainly caused by the failure in dispersion
control of DCMs (see Figures 4-9 and 4-17). This early dispersion control failure comes
from the pump window at 1064 nm. Shifting the pump window to 980 nm and extending
the bandwidth of the mirror toward shorter wavelength range will enable strong spectrum
under 1200 nm. Further, former experimental study [51] showed the 980 nm pumping can
be more efficient than 1064 nm pumping. The imposed problems are finding a right pump
laser source at 980 nm and design and manufacturing of new DCMs in a cost-effective way.
Further optimization of the prismless Cr:forsterite laser mode-locked by SBR is expected
as a promising solution to get sub-10 fs optical pulses with >180 nm bandwidth in 1.3 pm
spectral range in the near future.
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Chapter 5
Optimization of Octave-Spanning
Ti:sapphire Laser Spectra
5.1 Introduction
Since the first Kerr-lens mode-locked operation in Ti:sapphire has been demonstrated in
1991 [23], the Ti:sapphire laser has revolutionized ultrafast optics. It serves as the workhorse
for almost every research activity involving ultrafast lasers. Generation of the shortest
optical pulses (less than 5 fs) directly from laser [1], generation of attosecond X-ray pulses
by high harmonic generation [7], and stabilized optical frequency mode-comb for optical
clocks [4] are just a few examples where Ti:sapphire lasers play a crucial role.
Especially, generation of octave-spanning (600-1200 nm) spectra directly from a prism-
less Ti:sapphire laser [2] has a great importance. In optical frequency metrology, it enables
the self-referenced stabilization of optical frequency mode-comb by f-to-2f scheme. Getting
octave-spanning spectra directly from a laser has an advantage over external fiber broad-
ening due to its reduced phase noise and enhanced long-term stability.
In single-cycle optical pulse synthesis, it enables the synchronization with Cr:forsterite
laser due to its overlapping spectra in 1100-1200 nm range [18]. However, for a true single-
cycle optical pulse, there is still much room for improvement in its output spectral shape.
The characteristics of the output coupler is one of the limitations and design of a new output
coupler with both a broadband reflectance and a well-controlled group delay/group delay
dispersion is highly desirable. In this Chapter, we review the octave-spanning Ti:sapphire
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laser and design a broadband output coupler for optimization of the output spectrum.
5.2 Octave-spanning prismless Ti:sapphire laser
Figure 5-1 shows the schematic of an octave-spanning prismless Ti:sapphire laser. This laser
was used for this thesis research and also for the optical frequency mode-comb generation
[2].
BaF2 DCM 2
wedges
SM
DCM 2 DCM 1
10cm
DCM 1
532 nm pump
DCM 2 Rsa DCM 1XTAL
(2mm)
1mm BaF2 0C
Figure 5-1: Schematic of octave-spanning Ti:sapphire laser. DCM1 = DCM Type I, DCM2
DCM Type II, SM = Silver Mirror, OC = Output Coupler.
The Ti:sapphire crystal is 2 mm long with an absorption coefficient ap = 2.7 cm-
1 at
532 nm. The ROC of folding mirrors is 10 cm. All mirrors except end mirrors are DCMs.
Two types of DCMs (DCM Type I and Type II) are used in pairs to average oscillations in
group delay and generate smooth group delay and group delay dispersion. The basic idea
of DCM pair is to insert a quarter wave layer to one of the mirrors and re-optimize the back
mirror to shift by a phase of 7r over the whole octave spectral range [65, 73]. Figure 5-2
shows the concept how DCM pairs can cancel the oscillation in group delay and achieve a
smooth dispersion over the whole octave bandwidth.
The mode-locking operation is based on dispersion-managed mode-locking [74], and it is
important to balance the dispersion for the round-trip of each arm with respect to the center
of the Ti:sapphire crystal to achieve the broadest spectral output available. Each arm has
the same number of bounces on DCM Type I and II to enable the oscillation cancellation
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Figure 5-2: The reflectance and group delay of DCM pairs.
for both arms.
The fine tuning of dispersion is done by changing the insertion of BaF 2 wedges. To start
mode-locking, it is helpful to de-insert the wedge to make the intracavity dispersion to be
slightly negative. Once getting the mode-locking, we can insert the wedge to achieve the
maximum bandwidth.
This prismless resonator enables not only a compact cavity, which fits in 30 cm x 20 cm
for 82 MHz laser, but also more robust operation over a long time without the necessity for
re-alignment. Use of BaF 2 wedges to control the dispersion has another advantage that 1
mm of BaF 2 has almost identical dispersion as 1.85 m of air. This provides a simple way to
scale up the repetition rate to GHz range by replacing air path to BaF2 , which is important
for the optical frequency metrology application [2].
One of the most critical components shaping the output spectrum is the output cou-
pler. Figure 5-3 shows the output spectrum from an octave-spanning Ti:sapphire laser
with different output couplers [2]. Figure 5-3 (a) shows the result for 80 MHz laser with
ZnSe/MgF 2 output coupler and Figure 5-3 (b) is for 150 MHz laser with TiO 2 /SiO 2 output
coupler. It clearly shows that the output spectrum strongly depends on the characteristics
of the output coupler. Thus, to optimize the spectral output suitable for single-cycle opti-
cal pulse synthesis, it is important to optimize the reflectance and dispersion of the output
coupler. In the next section, we design a broadband output coupler for an octave-spanning
Ti:sapphire laser.
89
a) b)
80 80
-10 C
-1E8-10 
-0
ca 60~
S-200 E 60
_20-
-30 -- 40 - 40
-40-3 20 -L 20
-50
-40 - .-
600 700 800 900 1000 1100 1200 1300 600 700 800 900 1000 
1100 1200 1300
Wavelength (nm) Wavelength (nm)
Figure 5-3: Measured output spectrum of octave-spanning Ti:sapphire laser with (a)
ZnSe/MgF 2 Bragg stack output coupler and (b) TiO 2 /SiO 2 broadband output coupler.
Figure reproduced from Ref. [2]
5.3 Broadband output coupler design
5.3.1 Motivation
The conventional output coupler uses a standard dielectric Bragg stack. The Bragg stack
structure provides high reflectance over the spectral range of
Af - nH - nL fo (5.1)
nH + nL
where nH and nL are the refractive indices of the high and low index materials respectively,
and fo is the center frequency of the mirror [8]. For this spectral range, the group delay is
kept flat.
It is highly desirable to get a broader bandwidth for an output coupler to get a spectral
output reaching up to an octave. There are two ways to achieve this. One is to use a Bragg
stack with higher index contrast. From Eq. (5.1), it is clear the bandwidth increases as
the index contrast increases. Compared to the conventional TiO 2 (nH ~ 2.4)/SiO2 (nLr~
1.48) Bragg stack of which bandwidth is Af/fo - 0.23, if we use ZnSe (nH - 2.52) and
MgF 2 (nL ~ 1.38), the bandwidth increases to Af /fo - 0.29. However, ZnSe/MgF 2 Bragg
stack still has a bandwidth limitation compared to DCMs. Moreover, the insertion loss
of ZnSe/MgF 2 Bragg stacks, which are also difficult to manufacture, and the long-term
stability problems limit its wide use.
The other way is to design a chirped mirror-like structure with standard TiO2 /SiO 2
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materials. We can extend the bandwidth beyond the Fresnel reflectivity of the Bragg stack,
and also can design the desired spectral shape in reflectance. The problem is an oscillation in
group delay dispersion for reflection. For an ideal octave-spanning spectrum, this oscillation
should be kept as small as possible and special care is required in design process.
A broadband output coupler based on a TiO 2 /SiO 2 chirped structure was designed [73]
and tested [2] previously, but showed a certain limitation mainly due to the large oscillation
in group delay. A new broadband output coupler is designed to further optimize the spectral
output of the Ti:sapphire laser.
5.3.2 Design
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Figure 5-4: Design goal of new output coupler. The short wavelength roll-off follows the old
broadband TiO 2/SiO 2 output coupler while long wavelength roll-off follows ZnSe output
coupler. The reflection GD target is set to compensate 570 ptm of BaF 2.
The general design goals of the broadband output coupler are (1) reflectance > 95 %
from 650 to 950 nm, and (2) reflection group delay deviation from a target (the inverse of
a group delay of 570 tum BaF2) within t 1 fs and ± 2 fs from 650 to 800 nm and from 630
to 1100 nm respectively.
Figure 5-4 shows the design target of the new output coupler. The reflectance tar-
get comes from the previous experimental results with ZnSe/MgF 2 output coupler and old
91
GID target
Reflectance target
Old broadband OC
ZnSe/MgF2 OC
--- -- .
broadband TiO 2/SiO 2 output coupler. The short wavelength roll-off follows the old broad-
band one to keep the oscillation in group delay as small as possible down to the 600 nm
range. In addition, to get a sufficient output power at 580 nm for f-to-2f scheme in mode-
comb stabilization, the transmittance is set high around 580 nm. The long wavelength
roll-off follows the ZnSe output coupler to get a sufficient output power necessary for a
spectral overlap with Cr:forsterite laser in 1100-1200 nm range by the high transmittance.
The group delay target for reflection is set to compensate 570 Am of BaF 2. In this way,
we just need to insert 285 pm of BaF 2 more to set the desired intracavity dispersion. The
group delay target for transmission is set to 20 fs for 650-1100 nm range.
The substrate used is 1 mm thick fused silica, and the layer materials are TiO 2 (nH
2.38 at 800 nm) and SiO 2 (nrL = 1.49 at 800 nm). The design was carried out with
an optical coating design software, OptiLayerTM. The optimization process is explained in
Chapter 6. The final design is comprised of 32 layers of TiO2 and SiO 2 . The total thickness
of coating is 3.5 Am, and the thinnest layer is about 7 nm thick.
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Figure 5-5: The design result of a broadband output coupler, compared with the old broad-
band output coupler.
Figure 5-5 shows the design result with a comparison with the old output coupler design.
The reflectance at 800 nm is 96.5 %, and satisfies the design goal, >95 % reflectance for
650-950 nm. The oscillation in group delay is also in control within the design goals, < t1
fs for 650-800 nm and < ±2 fs for 630-1100 nm. This is a significantly improved result
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compared to the old design.
We can also see the designed group delay and the measured result with white-light
interferometry are in agreement for the old output coupler. This means the fabrication
process using ion-beam sputtering is quite reliable and can be done with a high accuracy.
5.
4 - New design
Old design
3-
1 -
2-
0
-
A
-2-
-3
600 700 800 900 1000 1100 1200
wavelength (nm)
Figure 5-6: Comparison of the group delay difference from the target between old and new
output coupler designs.
The main improvement in designing new output coupler is a tighter control in group
delay oscillation. Figure 5-6 shows the difference from the target group delay for old and
new output coupler designs. It is clear the new design has a less group delay oscillation,
especially from 650 to 800 nm range. This range is the most important spectral range for
Ti:sapphire laser, and it is very critical to apply a tight control in group delay.
To examine the impact of oscillation in group delay quantitatively, we performed a
numerical simulation. The input pulse is a pulse with 650 - 1100 nm rectangular spectrum,
and we checked the reflected pulse shape.
Figure 5-7 compares the reflected pulses for the old and new designs. The red dotted
line is the normalized reflected pulse when the group delay has no oscillation. It is clear the
old design, with larger oscillation, distorts the pulse more and spreads the energy to the
wings of pulse and consequently decreases the relative peak power of the reflected pulse.
The old design has 97 % of peak power from the desired result while new design has 99 %
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Figure 5-7: Simulation for the reflected pulse for old and new output couplers.
of peak power from the desired result.
As the oscillation bumps in group delay increase, the reflected pulse suffers more distor-
tion. To check this, we increased only the amplitude of GD oscillation while maintaining
other characteristics. Figure 5-8 shows the result. When the amplitude is 5 times bigger,
the pulse is already severely distorted. Thus, tight control on GD and GDD is very impor-
tant to achieve the best spectral characteristics. Especially the region from 650 nm to 850
nm is critical, and the group delay should be kept within ±1 fs from the target.
5.4 Conclusion
The optimization of output spectrum from octave-spanning Ti:sapphire laser is highly desir-
able to synthesize an ideal single-cycle optical pulses. The characteristics of output coupler
is one of the most important factors determining output spectrum, and this motivates the
design of a new broadband output coupler. The new output coupler was designed with
standard dielectric material system, TiO 2/SiO 2 , to achieve broadband reflectance, smooth
group delay dispersion, and reliable long-term stability. The output coupler was manufac-
tured at NanoLayers Optical Coating GmbH in December 2003, and we currently investigate
its performance in the octave-spanning Ti:sapphire laser.
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Chapter 6
Optical Filter Design for
Synchronization Setup
6.1 Introduction
In this Chapter, we design the beam-splitters necessary for coherent superposition of optical
pulses from two independently mode-locked lasers. Figure 6-1 shows the optical schematic
of the synchronization setup. In the synchronization setup, the pulses from two lasers
should be combined for pulse synthesis and also distributed for repetition frequency and
carrier-envelope offset frequency locks explained in Chapter 3. For this purpose, the system
needs four beam-splitters with different specifications.
Combined Output
(600-1 500nm)
Ti:sa
(600-1200nm)
Cr:fo
(1100-1500nm)
BS#2
BS#1
To balanc
homodyn
(111
Balanced
cross-correlator
(833nm+1225nm)
BS#3 6
.. ..................................
ed
e detector
)nm)
Figure 6-1: Optical schematic of the synchronization setup
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The first beam-splitter (BS#1 in Fig. 6-1) combines the two pulses from Ti:sapphire and
Cr:forsterite lasers and is the most critical beam-splitter for high-quality single-cycle pulse
synthesis. This beam-splitter should not only combine the pulses without distortion over
full 1.5 octave but also balance the reflection and transmission for homodyne detection. It
is impossible to achieve both goals with the conventional metallic beam-splitter. An ultra-
wideband 50:50 beamsplitter with well controlled dispersion is designed and presented in
Section 6.3.
The second beam-splitter (BS #2 in Fig. 6-1) is a tapping beam-splitter for a homodyne
detection at 1110 nm. A small portion of power should be reflected without distortion of
the combined output. For this purpose a single layer of high index material is grown on
substrate for less than 10 % of reflectance. The transmittance and dispersion are almost
constant over the whole 1.5 octave range.
The third beam-splitter (BS #3 in Fig. 6-1) is a bandpass filter. The reflected beam
(900-1200 nm range) is used for homodyne detection while the transmitted beam (800-900
and 1200-1300 nm range) is used for a balanced cross-correlator. The purposes of this
beam-splitter are isolating the spectral components between repetition frequency lock and
carrier-envelope frequency lock, and preventing unwanted second-harmonic generation of
992 nm component at SFG crystal inside cross-correlator.
The final beam-splitter (BS #4 in Fig. 6-1) splits the combined pulse into two for
balanced cross-correlation. The detailed function of cross-correlator is explained in Chapter
3. Although general metallic beam-splitters can be used, we can improve the performance
by ultra-wideband beam-splitter used for BS #1.
6.2 Design of thin-film optical filters
The deposition of dielectric thin films on a substrate is a long-standing technique for imple-
menting various functional optical filters. The general design strategies of thin-film optical
filters are explained in many references (Refs. [75] and [76]).
In this thesis research, the design of thin-film optical filters was done with OptiLayerTM
software. Given the initial design (proper Bragg stack structure is a good starting point for
most cases) and target function we want to implement, the software optimizes the design
to minimize the merit function (M.F.), defined as [77]
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where N is the total number of targets, Tj is the target values, DT is the tolerance, and
Tj is the calculated value.
The design process starts with an initial design and a target function (set of Tj) with
error tolerance weights (set of DTj). Once started, the design is optimized in a way the
merit function M.F. becomes smaller. As the design result approaches the desired target, we
can stop the automatic optimization process and modify the target function and tolerance
weights for the right direction of further optimization. The critical parts which should be
implemented more precisely can be emphasized by choosing smaller tolerance for that. We
can also eliminate too thin layers, i.e. thinner than 5 nm, and re-start the optimization
process to reduce the influence of possible fabrication errors. Manual modification of target
and design combined with running proper automatic optimization process should be done
in an iterative way until the desired target function is successfully implemented. To get the
best result, it is very important to set and modify the proper target and tolerance repeatedly
and choose the right optimization method. A detailed discussion of optimization processes
can be found in Ref. [77].
The layer materials used are titanium dioxide, TiO 2 (n~-2.4), for high index material
and silicon dioxide, SiO 2 (n~1.48), for low index material. The exact refractive indices and
material dispersions are dependent on the film deposition technique and conditions. Fused
silica is used for substrate. The designed optical filters are fabricated using the ion-beam
sputtering technique.
6.3 Ultra-broadband beam-splitter
For superposition of two optical pulses of which combined spectrum is ranging 1.5 octave
(600 - 1500 nm), a beam-splitter with 50:50 splitting ratio over the whole 1.5 octave spectral
range is highly desirable. In addition, for an ideal balanced homodyne detection necessary
for carrier-envelope offset frequency lock, described in Chapter 2, the splitting ratio in 1100
- 1200 nm range should be exactly 50:50 with a high accuracy. In designing this ultra-
broadband beam-splitter, the oscillation in GD and GDD should be fully suppressed to
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ensure high-quality pulse synthesis. The undesired influences of GD oscillation are already
discussed in Chapter 5. Further, a novel idea to match the group delay dispersion for
both reflection and transmission from either input ports is also applied in designing the
beam-splitter.
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Figure 6-2: Ultra-broadband 50:50 beam-splitter with matched group delay dispersion.
Figure 6-2 shows the schematic of the beam-splitter. Port 1 and 2 are the input ports
and port 3 and 4 are the output ports. The fused silica substrate is 654.75 Am thick to make
750 pm (= 654.75/ cos(29.20 )) optical path inside the substrate for 45 0 incident angle. The
design is done for p-polarized light with 45 0 incident angle.
In designing the beam-splitter, the group delay for reflection (from port 1 to 4 in Fig.
6-2, corresponding to R1) is matched with the group delay of 750 Am thick fused silica
substrate. In this condition, the group delay dispersion for any combination of input and
output is matched for the whole wavelength range from 600 to 1500 nm.
Lets denote the GDs from coating of R1 (from port 1 to 4), TI (from port I to 3), R2
(from port 2 to 3), and T2 (from port 2 to 4) paths as GDR1, GDTI, GDR2, and GDT2,
respectively. The GD of 750 Am substrate is denoted as GDs. The total group delay for
each optical path is
R1 (port 1 to 4): GDR1
T1 (port 1 to 3): GDT1 + GDs
R2 (port 2 to 3): GDR2 + 2GDs
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T2 (port 2 to 4): GDT2 + GDs
Here note that the group delays for coating reflection have an opposite sign GDR1 =
-GDR 2 A GDR, and the group delays for coating transmission have same value GDTI -
GDT2 A GDT. If we match the group delay of coating reflection with that of the substrate,
GDR = GDS, the group delays are expressed as
R1 (port 1 to 4): GDRl = GDs
T1 (port 1 to 3): GDTl + GDS = GDT + GDS
R2 (port 2 to 3): GDR2 + 2GDs = -GDS + 2GDs = GDs
T2 (port 2 to 4): GDT2 + GDs = GDT + GDs
In the controlled wavelength range, group delay for transmission through coating is
almost constant and the group delay dispersion from coating transmission, GDDT, is neg-
ligible. Thus, the GDD from any input to any output is matched with the GDD of 750 Am
thick fused silica substrate, GDDs. The matched GDD for any optical paths will be useful
not only for pulse synthesis but also for ultra-broadband pulse characterization setup such
as autocorrelator and SPIDER.
The general design goals are (1) reflectance and transmittance within 50±5 % from 600
to 1500 nm, (2) coating reflected group delay curve matched with that of 750 pm thick
fused silica substrate within ±1 fs from 650 to 1500 nm, and (3) flat coating transmitted
group delay curve centered at 20 fs within ±1 fs from 650 to 1500 nm.
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Figure 6-3: Reflectance and Transmittance of ultra-broadband beam-splitter.
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Figure 6-4: Group delay of reflection and transmission from ultra-broadband beam-splitter
coating.
Figures 6-3 and 6-4 show the design result of ultra-broadband beam-splitter. The coating
consists of 38 layers of TiO 2 and SiO 2 on fused silica substrates, and the total coating
thickness is 3.54 pm. The design result shows the three design goals above are all satisfied.
To examine the impact of group delay oscillations, the numerical simulation with an input
pulse with a rectangular spectrum from 600 to 1600 nm is performed. Figure 6-5 shows
the result for the (a) reflected and (b) transmitted pulses. The blue-solid and green-dotted
lines are the reflected (transmitted) pulse with and without GD oscillation. There is only
a negligible distortion in the wings even if the input pulsewidth is less than 3 fs. These
well-controlled reflectance (transmittance) and group delay dispersion enables a true single-
cycle pulse synthesis without distortion. For the final synthesized pulse reconstruction, the
dispersion from beam-splitter and air can be compensated with external chriped mirrors.
6.4 Tapping beam-splitter
The tapping beam-splitter is designed for BS #2 in Fig. 6-1. This beam-splitter reflects a
small fraction of power for homodyne detection and transmits the combined beam for the
final output from a synchronized laser setup. It is important to have flat GD and GDD
without oscillations in transmission window from 600 nm to 1500 nm to prevent possible
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Figure 6-5: The (a) reflected and (b) transmitted pulses with and without GD oscillation.
The incident pulse has a rectangular spectrum from 600 to 1500 nm.
distortions in the combined output pulses. A single thin layer of high index material can
satisfy these requirements.
A single layer of Ta2 05 on fused silica substrate is used for design. For 10 % reflection
under p-polarized 450 incident angle at 1130 nm, 110 nm of Ta2 05 layer is necessary. The
GD and GDD are negligible. The fine-tuning of reflection can be done by changing the
incident angle slightly.
6.5 Bandpass filter beam-splitter
The bandpass filter beam-splitter is designed for BS #3 in Fig. 6-1. The main function
of this beam-splitter is to reflect part of the combined beam for homodyne detection and
to transmit the remained part for cross-correlation. To further optimize this function, we
can implement it as a bandpass filter. The spectral range from 900 to 1200 nm is reflected,
and the range from 800 to 900 nm and 1200 to 1300 nm is transmitted. Using this beam-
splitter, we can not only isolate the spectral components for two locking loops, which helps to
reduce the cross-talk between control loops, but also prevent the unwanted second harmonic
generation at 992 nm in the cross-correlator.
The designed filter is 24 layers of TiO2 /SiO 2 on fused silica substrate, and the total
coating thickness is 4.7 pim. The design is done for a p-polarized light at 45 0 incident
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Figure 6-6: Reflectance and transmittance of bandpass filter beam-splitter.
angle. Figure 6-6 shows the reflectance and transmittance curves. The reflectance at 1110
nm and the transmittance at 833 nm and 1233 nm are over 95 % as we aimed. The
transmittance at 992 nm is less than 1 % and the possible SHG is effectively suppressed.
Figures 6-7 and 6-8 show the group delay and group delay dispersion of the beam-
splitter. At the wavelengths in use (833 nm, 1110 nm, and 1233 nm), there are no sharp
edges or oscillations in both GD and GDD. The GD and GDD characteristics are also in
good control.
This beam-splitter was fabricated by Peter O'Brien at MIT Lincoln Laboratory and
successfully used in the balanced cross-correlation experiments in Ref. [18].
6.6 Conclusion
Functional beam-splitters are designed with dielectric thin-film coatings on substrates.
Ultra-broadband 50:50 beam-splitter with a matched group delay dispersion is designed
and in process of fabrication. Bandpass filter beam-splitter for spectral separation was de-
signed, fabricated, and used successfully. Once we get all the necessary beam-splitters, we
will be able to synthesize single-cycle pulses in the near future.
104
50-
-T
-R
40-
30-
20-
10-
0
800 900 1000 1100 1200 1300
wavelength (nm)
Figure 6-7: Group delay for reflection and transmission of bandpass filter beam-splitter.
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Chapter 7
RF Frequency Regeneration from
Mode-Locked Laser with PLL
7.1 Introduction
Extracting exact RF-signals from the pulse train of a mode-locked laser is an important
task in many applications, for example, delivery of frequency standard signals [78] and
synchronization of distributed laser and RF-systems. The simplest way to measure the
repetition rate of a mode-locked laser is by detecting the optical signal with a photodiode
and measuring the RF frequency of this electric signal. However, the direct measurement
with a photodiode is associated with phase noise, and this phase noise occurs as a form of
timing jitter in the time domain. This timing jitter induces an error in the RF frequency
measurement. For an ultra-precise timing measurement and synchronization of mode-locked
lasers, the timing jitter from the measurement should be suppressed. Balancing the outputs
from an interferometer with phase-locked loop (PLL) circuit can be used for reducing the
timing jitter.
7.2 Design of the experiment
Figure 7-1 shows the schematic of the system designed for RF frequency regeneration from
a mode-locked laser. The Ti:sapphire mode-locked laser is used for generation of an optical
pulse train. The repetition rate is set to about 100 MHz. After passing the bandpass filter
at 800 nm to stretch the pulsewidth to ~ 100 fs in the time domain, the input optical pulse
107
PLL board
Balanced
iDetector VCO
(2 GHz)
-- --Clockwise and Counterclockwise
Re a , Output 2 Output I bemxperec 18'pase
100 MHz
532nm Ti:sapphire
Pump Laser ML-laser Input
800 nm 2GHz Phase Modulator
BP filter
n/2 phase offset
Figure 7-1: Schematic of the system for RF frequency regeneration.
train is divided into two beams at the beam splitter. Each beam travels in the opposite
direction in a Sagnac interferometric loop. Both beams pass the phase modulator in the
loop and experience different phase shifts. The advantage of using a Sagnac loop is that
we can eliminate the thermal drift and other environmental fluctuations in optical path
since the two beams in the interferometer travel exactly the same optical path length in
any situation.
The two output beams from the interferometer are detected by a balanced detector
and their difference signal is filtered by a loop filter and then applied to a VCO (voltage
controlled oscillator). The VCO controls the modulation frequency of the phase modulator.
The phase-locked loop (PLL) board operating at 2 GHz range is designed and implemented
at Prof. Michael Perrott's group at MIT.
If the output from VCO is a sinusoidal signal with frequency f0, the phase variation at
the phase modulator is
#m(t) = #o sin(27rfot) (7.1)
where 0 is the peak phase variation. For our system, f, is 2 ± 0.01 GHz. The modulation
depth of the phase modulator we use in the experiment is 0.093 rad/V at 800 nm.
We can adjust the length of the Sagnac loop and the position of phase modulator such
that the clockwise and counter-clockwise pulses experience an opposite phase modulation
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at the phase modulator. If we match the delay length between two pulses to be half of
the wavelength of modulation, (n + !)ARF (n + j (n= integer > 0), the phase shift
experienced by each pulse at the modulator has an opposite sign. In the actual experiment,
we cannot exactly match the path length difference, and it is instructive to denote those
phases as 0 and -# + AO to include small phase error from the imperfect positioning.
In general, the peak phase modulation, 00, is insufficient for balancing the two output
powers by direct electric modulation due to the low modulation depth of the modulator. A
DC phase offset between clockwise and counter-clockwise beams is necessary to solve this
problem. We denote the phase offset as 4, and it should be about 7r/2 for best sensitivity
and noise suppression. For beam splitter, lets denote the field reflectance and transmittance
as -R and jT respectively. Additional assumptions are the mirrors in the loop have a
reflectance of -1, and the phase shift by air in the loop is the same for both directions and
omitted for simplicity.
With the above conditions, the electric field of output 1 and 2 can be written as
Euti- {(jT)eid(-1) 3 (jT) + (-R)ed*(-1)3 -O0)(-R (7.2)
= e2 {T2cj(4- )2 R2IT(-+2)}E24,
and
E,,t2 = { (jT)e d-)(-R) + (-R)ej")(-)3-(-$()} (73
= jRTe 2  { +e-m- 2 }Ein.
The corresponding optical intensity of output 1 and 2 is
Iouti = {Euti 1 (T2 + R22 - 4R 2 T 2 cos 2  - 2 A ) } 1 (7.4)
and
Iout2 = 4Eout2|2 = R 2T  cos 2  - I n. (7.5)2
The phase modulator we use has an aperture size of 2 mm, and the clockwise and
counter-clockwise beams should be very closely adjacent to avoid clipping by an aperture.
Thus, the separation of the output beam 2 from the input beam without clipping the input
beam is quite difficult. For this task, a prism with high-quality polished surface can be used
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(see Appendix D for detailed explanation), but an additional loss is induced. In addition,
the photodiodes used for detecting output 1 and 2 have a mismatch in their responsivities.
To encounter for the relative imbalance between the two outputs, the output 2 intensity is
rewritten as I' = mnoqt2.
The output optical powers are measured with photodiodes and the difference in pho-
tocurrent is the output of the balanced detector. The gain is assumed 1 for simplicity.
< Ibalanced >-- Ioutl - mITou2 (T 2 + R 2 ) 2 - 4(1 + m )R 2 T 2 cos 2  + A 1)}
(7.6)
The output from the balanced detector becomes zero when the phase shift experienced by
the optical pulse train is
CosQ 'b + A) T 2 + R2 (77)
2 2- /l + mRT
Once the VCO frequency and repetition rate of the mode-locked lasers are close to lock,
that is, fo ~ Nfrep (in our case, fo = 2 GHz and frep = 100 MHz, N should be 20), the
phase-locked loop will force the phase shift at the phase modulator to satisfy Eq. (7.7).
In ideal condition, that is, T = R = 1/v/2, A0 = 0 and m = 1, the phase is locked when
-
2n T (n = integer).
Lets consider the case when there is no DC phase offset, 4) 0. Then the locking is
established when the clockwise pulse hits phase modulator at = 7r/4 and the counter-
clockwise pulse hits the same modulator at # = -7/4. For this condition, the peak phase
of modulation, 00, should be larger than -F/4 and this requires a voltage amplitude from
VCO higher than '/4 rad = 8.45 V. It requires an additional RF amplifier after VCO to0.093 rad/V
drive this voltage, and it induces more noise in the phase-locked loop.
Thus, it is highly desirable to apply a DC phase offset by an optical mean and reduce
the required phase shift and driving voltage at the modulator. By doing this, it will be also
helpful to reduce the amplitude noise from VCO. We easily see the pulses hit the modulator
at zero crossings of phase modulation, # = 0, when the phase offset is set 'D = We can
achieve a phase lock with a low RF power requirement by this method. To implement this
idea, we can use a thin film coating on a substrate. If we coat only half of the substrate,
we can apply a relative phase shift between the two pulses with negligible timing delay
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compared to the pulsewidth. A detailed design description of this device is explained in
Appendix D.
Even the above assumptions, T = R = 1/V 2, A0 = 0 and m = 1, are not fully satisfied
in real experiment, it only induces a small shift in locking condition and the PLL can catch
the shifted condition if the deviation is kept reasonably small.
Once the PLL locks the phase between mode-locked laser and oscillator, we can extract
the exact RF frequency of the laser repetition rate by measuring the frequency from the
VCO. In addition, by measuring the phase noise with and without PLL action, i.e. by
direct detection, we can examine how effectively this scheme can suppress the phase noise
and timing jitter of the measurement.
7.3 Conclusion
A novel scheme for measuring the repetition rate of mode-locked laser with high precision
and low phase noise is presented. The basic interferometer function was already examined,
and we are currently in process of the phase offset device fabrication and the PLL circuit
board improvement. Once we get the proper devices, it is expected we can demonstrate
this idea in near future. The same idea also can be extended to 1550 nm range with fiber
links, which will be very useful for frequency distribution and synchronization of large-scale
laser system.
111
112
Chapter 8
Conclusion
8.1 Toward single-cycle optical pulses
In this thesis, major ideas and techniques are developed and improved for single-cycle
optical pulse synthesis. We construct a stable and broadband Cr:forsterite laser (Chapter
4) and improve the spectral output of the octave-spanning Ti:sapphire laser (Chapter 5) to
achieve 1.5 octave combined spectra from 600 nm to 1500 nm. The timing synchronization
under 300 attosecond timing jitter by balanced cross-correlator is demonstrated (Chapter
3) and will be further improved by careful optimization. Ultra-broadband beam-splitter
with matched dispersion is designed (Chapter 6) for balanced homodyne detector (Chapter
3) and high-quality pulse synthesis. A novel electronic phase lock scheme is proposed to
reduce the phase noise of the measurement (Chapter 7).
The last stage we are currently pursuing is to isolate the cross-talk between repetition
frequency lock and carrier-envelope offset frequency lock and stabilize both control loops.
The origin of this cross-talk is clear. Both repetition frequency and carrier-envelope offset
frequency are dependent on energy fluctuation Aw as well as cavity length fluctuation AL
as (a detailed derivation for these results is described in Appendix B):
Afrep _ 2 6A2 AW AL
frep mo 27 wo L (
Afceo _6A2 Aw A1 L
_ = - + mo I1 (8.2)
frep 2w wo VP L
Firstly, the repetition frequency is locked using cavity length control. Once the repetition
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frequency is locked, we obtain a strong beat-note between two lasers and we can use this
signal for the carrier-envelope offset frequency lock. For this, the pump power is modulated
to control the intracavity energy w. From Eq. (8.2) as well as the experimental result [80],
the carrier-envelope offset frequency dependence on length fluctuation is negligible since
group velocity v. and phase velocity vp are almost identical in the cavity. Thus, the carrier-
envelope offset frequency fceo is well controlled by the intracavity energy change with pump
power control. However, as we start to control fc,, by pump power modulation, it also
influences the repetition frequency by the link term, - 5Z g in Eq. (8.1). This can
induce an instability of repetition frequency lock and eventually leads to the break of the
synchronization. To solve this problem, we can insert an electronic filter between two locking
loops to isolate the cross-talk signal, and the design and analysis are in process. Figure 8-1
shows the complete experimental setup for the single-cycle optical pulse synthesis.
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Figure 8-1: The complete scheme for single-cycle optical pulse synthesis. Cr:fo: Cr:forsterite
laser, Ti:sa: Ti:sapphire laser, EOM: electro-optic modulator, AOM: acousto-optic modu-
lator, SFG: sum-frequency generation, BS1: ultra-broadband beam-splitter, BS2: tapping
beam-splitter, BS3: bandpass filter beam-splitter. Solid and dotted lines indicate the optical
path and electronic signal path respectively.
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8.2 Future work
8.2.1 Pulse characterization
The characterization of ultrashort pulses in fs range is always a challenging task. We cannot
simply use the electronic sampling technique of which timing resolution is limited to tens
of ps. The only way to characterize ultrashort pulses under 10 ps pulsewidth is using the
copy of the optical pulse itself. Since the first demonstration of intensity autocorrelation
(AC) using second-harmonic generation on a GaAs crystal in 1966 [81], various techniques
have been developed to characterize shorter and shorter optical pulses. The interferometric
autocorrelation (IAC) [821, which was also used to characterize Cr:forsterite laser in Chap-
ter 4, is the most widely used technique nowadays. However, we cannot extract the phase
information only with IAC measurement. It becomes even a more critical problem for few-
cycle optical pulses of which pulse shape is not a perfectly analytical shape. To overcome
this problem, Frequency-Resolved Optical Gating (FROG) [83] and Spectral Phase Inter-
ferometry for Direct Electric-field Reconstruction (SPIDER) [84] were proposed. We can
also use the IAC combined with power spectrum measurement for phase retrieval.
For a full characterization of single-cycle optical pulses with a pulsewidth less than 3
fs, it is highly desirable to build a SPIDER setup. The main advantage of SPIDER is
its real-time characterization ability of arbitrary shaped ultrashort pulses. The FROG, in
contrast, needs a relatively long phase retrieval time with iterative algorithm. The real-time
characterization is especially important for the synthesized single-cycle pulses since we can
optimize the pulse shape and pulsewidth by monitoring the SPIDER measurement results.
Figure 8-2 shows the SPIDER setup built by Richard Ell for characterization of his 4.8
fs Ti:sapphire laser at the University of Karlsruhe [85]. The basic idea is to interfere two
pulses in a spectrally resolved way after shifting the spectra of the pulses relative to each
other. Due to the spectral shear between two pulses, we can extract the phase information
directly. A detailed explanation of the operation is presented in Ref. [85]. The alignment
and calibration of SPIDER are quite complicated, and careful design and implementation
of the system are required.
115
44
BS
TSFG
SF10
RO
0
OMO
L
I-a-7
Figure 8-2: SPIDER setup. 65 mm thick SF10 is used to produce a strongly chirped
pulse. For SFG, type I phase-matched 30 pim BBO was used. For BSs, we can use the
ultra-broadband beam-splitters designed in Chapter 6. Figure reproduced from Ref. [85].
8.2.2 Phase-sensitive nonlinear optics
The recent advances in ultrashort pulse generation finally enabled the observation of the
carrier-envelope phase of the optical field. The electric field of few-cycle optical pulse is
strongly dependent on the carrier-envelope phase, and many phase sensitive phenomena in
optical frequency range are studied using few-cycle optical pulses, mainly produced from
Ti:sapphire mode-locked lasers. Ultimately, the single-cycle optical pulses will enable to
reach the never-before-accessed region where the absolute optical phase plays a crucial role.
Firstly, we can use the stabilized ultra-broadband mode-comb from single-cycle laser
system for optical frequency metrology application. Here, the carrier-envelope phase control
is important again for controlling carrier-envelope offset frequency.
Secondly, we can apply the single-cycle laser system to study many interesting phase-
sensitive carrier dynamics in condensed matter. Previous work on carrier-wave Rabi flopping
in GaAs with sub-two cycle pulses [5] is a good example.
Finally, we can improve the generation of attosecond X-ray pulses, which are generated
via high harmonic generation (HHG) with strong few-cycle optical pulses. The X-ray pulse
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generation is strongly depends on the carrier-envelope phase of few-cycle laser pulse [87, 88,
89], and the well-controlled single-cycle optical pulses will improve the X-ray pulse quality
significantly. The attosecond X-ray pulses will eventually enable the study and control of
electronic processes in attosecond time scale [90].
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Appendix A
Loop Filter Design for
Synchronization Setup
For active synchronization of two mode-locked lasers, we need two phase-locked loops for
repetition frequency lock and carrier-envelope offset frequency lock. The detailed operation
is described in Chapter 3.
In a phase-locked loop (PLL), a component named loop filter is inserted. The major
functions of the loop filter are (1) reducing steady-state phase error by integrator action,
(2) adjusting PLL bandwidth by changing high-frequency gain, and (3) suppressing noise
and jitter by low-pass filter action. In addition, in our application, it also should include
a driving buffer for PZT drivers in repetition frequency lock and AOM/EOM driver in
carrier-envelope frequency lock.
An analog loop filter for the synchronization setup is designed and implemented. It
consists of three channels for (1) AOM driver, (2) fast PZT driver, and (3) slow PZT driver.
The channel for slow PZT driver can be also used to drive a noise eater for Cr:forsterite
laser. Each channel has two gain stages (one is an amplifier (P controller) and the other is an
amplifier with an integrator (PI controller)), one summing amplifier for DC offset adjust,
and a buffer amplifier. For amplifiers, AD829JR (Analog Devices) are used. For buffer
amps, TLC070CD (TI), OPA551FA (TI) and OPA547F (TI) are used for AOM driver, fast
PZT driver and slow PZT driver, respectively. The position of poles and zeros as well as
gain of each amplifier can be modified with rotary switches. The board is designed with 4
layers (top, ground, power, and bottom layers), and the dimension is 16 cm x 18 cm. The
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G1 G2 fl fi fp2
AOM 10 10 8.5 Hz (9.4pF) 50 kHz (1.5nF) 200 kHz (390pF)
and 30 30 17 Hz (4.7p.F) 100 kHz (820pF) 530 kHz (150pF)
fast PZT 100 100 36 Hz (2.2iF) 300 kHz (270pF) 800 kHz (100pF)
driver 80 Hz ( 1IpF) 660 kHz (120pF) 1.6 MHz (51pF)
360 Hz (0.22pF) 1.2 MHz (68pF)
1 kHz (82nF)
Slow 10 10 8.5 Hz (9.4 1 iF) 80 Hz (1pF) 360 Hz (0.22piF)
PZT 30 30 17 Hz (4.7pF) 360 Hz (0.22pF) 1 kHz (82nF)
driver 100 100 36 Hz (2.2piF) 1 kHz (82nF) 5.3 kHz (15nF)
80 Hz (lpF) 3.6 kHz (22nF) 53 kHz (1.5nF)
360 Hz (0.22pF) 10 kHz (8.2nF)
36 kHz (2.2nF)
Table A.l: Programmable values for gains, zero, and poles.
schematic and board layout were done with EAGLE layout editor from CadSoft Computer
GmbH.
Figure A-i shows the Bode plot of the frequency response of loop filter. Table A.1 shows
the programmable values for gains, poles, and zero.
This loop filter was used for the demonstration of balanced cross-correlation (Ref. [18])
and the fceo stabilization of octave-spanning Ti:sapphire laser (Ref. [2]) successfully.
gain
fz fpl fp2
frequency
Figure A-1: Bode plot for the frequency response of loop filter.
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Appendix B
Mode-Comb Dynamics Based on
Soliton Perturbation Theory
The frequency mode-comb dynamics can be analytically derived based on soliton perturba-
tion theory for KLM lasers. The major ideas and results presented in Refs. [29], [40] and
[79] are reviewed. The notations mainly follow those of Ref. [40].
The master equation for KLM, Eq. (2.4), is modified slightly to include the noise source
term, S(t, T), as
TRaa = T - +g 1- + at2) +jD 2 + j6) Ja12 a(t,T) +TRS(t,T),
(B. 1)
where TR is the round-trip time, a(t, T) is the electric-field amplitude in the cavity, / is
the loss, g is the gain, Qq is the gain bandwidth, D is the group delay dispersion (GDD)
coefficient, 'y is the saturable absorber modulation coefficient, 3 is the self-phase modulation
(SPM) coefficient, and S(t, T) is the noise source. Here, -g/Qg - 0/t term expresses the
dependence of the the group velocity on the gain [79]. This term, which does not appear
in original equation, Eq. (2.4), is included because we introduce a frame which does not
move with the group velocity of the pulse [40]. This modification makes it easy to introduce
timing jitter in noise analysis later.
The steady-state solution of Eq. (B.1) is
a (t, T) = AO (sech (t -to ex j)T - jo], (B3.2)
T TR
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where r is the pulsewidth, 0 is the chirp, and V) is the round-trip phase shift of the pulse.
Compared to the noise-free solution, Eq. (2.5), a noise-driven phase term 0 is included.
The timing shift to is included due to the non-moving frame we chose in Eq. (B.1).
In a chirp-free condition, - the solution Eq. (B.2) is expressed as
t -- to 6A2 T
ao(t, T) = Ao(sech( explj - jo], (B. 3)
T ~2 TR B3
and the pulsewidth w is
1 [D 'V -(B.4)
Note that the product of amplitude and pulsewidth AOT, also known as the area of pulse, is
constant as V/2|D1/6. The solution is a solitary pulse, and to evalulate the impact of noise,
we can apply the soliton perturbation theory with some modifications.
If the noise is small compared to the signal, the equations can be linearized and treated
by perturbation theory. In the adiabatic case, the pulse parameters are changed by noise
while the pulse area is remained same.
To get a linearized perturbation equation, we make the ansatz [79]:
a(t, T) = [a,(t - to) + Aa(t - to, T)] exp[-j -T (B.5)2 TR
where
a,(t) = Aosech ( (B.6)
Putting Eq. (B.5) into the master equation Eq. (B.1) and disregarding of terms higher
than first-order in Aa result in
&
TRa Aa(t - to) = A(Aa(t - to)) + TRS(t - to, T) (B.7)
where the operator A is defined as [40]
A(A a(t)) = (I - j) 2 A2 + JD a + 26a2(t) Aa(t)
1a + (j - j)2a (t)Aa*(t) (B.8)- g, Q.-atAa(t) +( )a
- 9d I- 1a) a,(t) f a,(t)(Aa(t) + Aa*(t))dt.
wo ( , Q. t
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The saturated gain g, and the differential gain gd are defined as
s 1 +9 ,o W (B.9)
dg, g0w0  1 B 0g d= wo = sTR (I + )2WB.=9d~ dw0  PsTR(1Psf 2  (Bl
where P, is the saturation power and wo f a (t)dt = 2A2T is the pulse energy.
An adiabatic perturbation of the pulse changes its pulse energy (w), phase (0), frequency
(p = wo - w) and timing (t) [79]. We can express Aa in terms of perturbations of these four
parameters and the continuum which is not a part of the pulse.
Aa = fw(t -to)Aw(T)+fo(t -to)AO(T)+fp(t -to)Ap(T)+ft(t -to)At(T)+a,(t -to, T),
(B.11)
where the basis functions fi are
fW(t) = a 1 - tanh( )]a, (t), (B.12)
fo(t) = 0 = ja (t), (B.13)
fp (t) =-jta, (t), (B. 14)
&a() 1 t
ft(t) = = tanh(-)a,(t). (B.15)
Oo T T
The corresponding orthogonal adjoint functions fi are given by
fw(t) = 2a,(t), (B. 16)
2 t ~fO(t) = -j- - - tanh - as(t), (B.17)WO T T
- 2 t1fP(t) = -j- tanh (-) a8 (t), (B.)WOT T
7(t) = -t a,(t). (B.19)
wo
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Using the orthogonality relation between basis and adjoint basis,
Re {J ft)f 1 (t)dt} , (B.20)
we can obtain the equations of motion by inserting Eq. (B.11) into Eq. (B.7):
OT T w
AO(T) - Aw(T) + SO(T), (B.22)
OT TRWO
Ap(T) =-Ap(T) + Sp(T), (B.23)8T TP
At(T) 2 DAp(T)+ 1 Ag(T) + A w(T) + St(T), (B.24)OT TR fgTR TwOTR
where
=(2d - 2yA ) 1 (B.25)
TW TR
_ _ 4 3g, (B.26)
Tp 3 Qi2T TR'
For Eq. (B.24), gain dynamics of mode-locked laser is also included. Detailed derivation
for these results is presented in Ref. [40].
In frequency domain, the results from Eqs. (B.21) to (B.24) are written as:
AzW(Q) 1 / ) (B.27)
'AO(Q) =A+ Aw(Q) So (Q) (B.28 )
TRWO jP jQ
Ap(Q) = SPA (B.29)
1/rP + jQ
2|Dj Ap(Q) 1 Ag(Q) + 5 Aw(Q) St() (B.30)
TR JP +gTR PQ TWOTR JQ j4
At this point, we focus on how the mode-comb dynamics can be described by the above
discussions based on soliton perturbation theory.
From Eq. (3.6), f, = mfrep + Aofrep/2rF - mfrep + fceo, we need to control the
pulse-to-pulse phase shift AO and the round-trip time TR in order to control frep and fceo.
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From Eq. (B.3), the pulse-to-pulse phase shift AO is expressed as
AO =phase change of envelope - phase change of carrier
wo[{to(T + TR) + At(T + TR)} - {to(T) + At(T)IJ
-
TR + AO(T + T )
[A +Q + wo{At(T + TR) -
2 + + wo{At(T + TR) - At(T)}
62 T+AO(T )
-2 TR ' j +]
- At(T)}] - A C2 {fAO(T±+TR)
2
{A0(T + TR)
AO(T)}]
AO(T)},
(B.31)
where the timing to(T) is [40]
to(T) = T-To + W2TW0
From the phase change of envelope, frep(T) is expressed as
frep(T) = frep + Afrep(T) =
6A2 
_ +TR+WO 
_+
1
At(T + TR) - At(T)
1
TR [I +± J-2 + -q-+ At(T-1+-TR) -At(T))12
T1+ k(+ + sAt(T + T A) - t(T
TR TA \\ wo o\
From Eqs. (B.31) and (B.33), fceo(T) is expressed as
fco(T) = fceo + Afceo(T) = 2frep(T)
2w
+ + oo{At(T + TR)2 Q.9( + s +±At(T +T)
WO Q.9
At(T)} - {AO(T + TR)
- At(T))]
T R +± wo{At(T + TR) - At(T)}
2,TA R + () {At(T +TR) - At(T)}.
{AO(T + T
- AO(T)j
R) - AO(T)}
(B.34)
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(B.32)
(B.33)
- I
The assumption for final result of Eq. (B.34) is 2 + << 
Now we can obtain the changes in frep and fc,, from the results of Eqs. (B.33) and
(B.34) as
1
Afrep(T) {At(T + TR) - At(T)}, (B.35)
TR'
Afceo(T) =1 [wo{At(T + TR) - At(T)} - {AO(T + TR) - AO(T)}]
27TH (B .36)
+ 1 ___ + ] Afrep(T).
In frequency domain, Eqs. (B.35) and (B.36) are written as
Afre(Q) T(RI - 1)A t(Q), (B.37)
A fceo( ) =2r (iTRQ - 1){WoAt(Q) - AO(Q)} + I + WO9s Afrep(Q). (B.38)
The next step is to express phase and timing change, AO(Q) and At(Q), in terms of
intracavity energy change Aw and cavity length change AL.
The phase and timing fluctuations, Eqs. (B.28) and (B.30), are dependent on the energy
fluctuation as
2A Aw(Q)
AO(Q) = W6AO () (B.39)
TRWO jQ
At(Q) 1 Ag(Q) 3 Aw(Q) (B.40)
£gTR jQ -wTR 3 2
By accounting for the gain dynamics in mode-locked laser [40], Ag(Q) and Aw(Q) can
be expressed in terms of the change in small signal gain Ag o (Q). Eqs. (B.39) and (B.40)
are written as a function of Ago(Q):
AO(Q) =2A- Ago(Q) (B.41)
7L TR (O2 es + 2 -ydjQ + (jQ) 2)jQ
AL(Q) 1 (jQ 1 + 4JA2 Ago(Q) (B.42)QTLT 9 rQ. wOTR / 2(eS + 2'-yjQ + (jQ)2 ) BQ
At low frequency, the self-steepening is dominant [40], that is, 4'A 2 I_ >>1 and
the timing fluctuation is approximated as
At(4) 4A Ago(Q)
LQ -o 0 s 22(B.43)
TLTAW,)O (Q2es + 2 ?YdJQ + (j Q) 2)j Q'
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By inserting the results Eqs. (B.41) and (B.43) into Eqs. (B.37) and (B.38) for low
frequency condition, we obtain the relationship how Afrep and Afceo depend on the small
signal gain change:
2 2A Ago(Q)
wOTR TLT res + 2YdjQ - (j) 2
Afceo(Q) 2 Ago
27 TLT es + 2 -diQ + Wj) 2
(B.44)
(B.45)
We can get the changes in frey and fceo in terms of intracavity energy w by substitution of
go by w as
Afrep
frep AL=o
Af ceo
freP iAL
2 6A Aw
mo 27r wo
A? Aw
2w WO
(B.46)
(B.47)
where mo is the number of modes between zero frequency and center frequency wo.
The other major driving source influencing mode-comb dynamics is the cavity length
change AL. The fluctuation in cavity length, AL(T), leads to noise contribution as [79]
SAL (t, T) AL(T) JSat~tT ( = Vj- + a,(t, T).V9 Ot
(B.48)
The noise sources So(T) and St(T) by length fluctuation are expressed as
So(T) Re fI(t)sL (t, T)dt } T AL(T),
Li V pTR
ST(t)iSAL (t, T) dt = AL(T).St~ ~ (T1RoYgTR
(B.49)
(B.50)
Inserting the results of Eqs. (B.49) and (B.50) into Eqs. (B.28) and (B.30) in frequency
domain gives:
S0 (Q)AO(Q)Q W() A L (Q),VPTR jQ
At(Q) =t S() =_ 1 1 AL(Q).J3 VqTR jQ
With Eqs. (B.37), (B.38), (B.51) and (B.52), Afrep and Afceo are expressed as
1
Afrep) - 2 AL(Q),
O7Tr
(B.51)
(B.52)
(B.53)
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Afceo(Q) ins (re
The resulting equations are
A) (A2
AL(Q) + 6A + LUg, frP(D.2,Tr 2 QOg
Afrep
frep Aw=O
Af ceo
frep Aw=O
= mo (I -
AL
L
Vq ) AL
VP L
From Eqs. (B.46), (B.47), (B.55) and (B.56), we obtain the final results for repetition
rate frep and carrier-envelope offset frequency fceo dynamics:
Afrep
frep
Afeco
frep
2 6A' Aw AL
mo 27 wo L
6A2 Aw
27r wo + 
mo I -
(B.57)
(B.58)Vg ALVP L
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(B.54)
(B.55)
(B.56)
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Appendix C
Sellmeier Equations for Optical
Materials
The wavelength dependence of refractive index of optical materials can be well described
with Sellmeier equation.
~2 ~ B1 A2  B2A2  B3A2n +A2_C2- A2-C2 A2-C2 (C.1)
where the wavelength A is in pm unit.
Table C.1 shows the Sellmeier coefficients of fused silica (SiO 2 , used for substrates of
output couplers and beam-splitters, see Chapters 5 and 6), barium fluoride (BaF 2 , used
for dispersion fine-tuning in Ti:sapphire laser, see Chapter 5), and calcium fluoride (CaF2 ,
used for dispersion fine-tuning in Cr:forsterite laser, see Chapter 4).
Coefficients Fused silica (SiO 2 ) Barium fluoride (BaF2 ) Calcium fluoride (CaF 2 )
B1  0.6961663 0.643356 0.5676
B 2  0.4079426 0.506762 0.4710914
B 3  0.8974794 3.8261 3.8484723
C1  0.0684043 0.057789 0.050263605
C2 0.1162414 0.10968 0.1003909
C3 9.896161 46.3864 34.64904
Table C.: The Sellmeier coefficients for fused silica, BaF 2, and CaF2 .
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Appendix D
Some Geometric Optic Designs for
Chapter 7
D.1 7r/2 phase shift
d n2
n1
F 4 II
H G 0.. E
Figure D-1: Thin-film design for 7r/2 phase shift.
To apply a phase shift of r/2 between clockwise and counterclockwise beams in inter-
ferometer described in Chapter 7, a single layer of thin-film can be used. To match the
reflectivity between two beams, it is desirable to match the indices of film and substrate
and we can use SiO 2 film deposited on fused silica substrate.
Figure D-1 shows the schematic of design. The incident angle is 6, and the film thickness
is d. Since CD = FO and BC = EF, the optical path length difference between beam I
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AL = n1 AB - GH.
AB = d
cos
GH = AB cos(O - ) = s dCos
)3 = sin-1 ( ),n 0
n1
(D.1)
(D.2)
(D.3)
(D.4)
the optical path difference AL is
AL = (n, - cos(O - 0)) d
cos
(D.5)
For a 7r/2 phase difference, this optical path difference should be a quarter wave length,
A/4. The film thickness d is
d= A ( cos
4 n1 - cos(O -,3)
(D.6)
00 5 10 15 20 25
incident angle (degrees)
30 35 40 45
Figure D-2: The necessary film thickness for ir/2 phase shift at 800 nm.
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and II is
Since
and
where
41- -410
400
390
E
380
370
360
350
340
Then we can calculate the necessary film thickness as a function of incident angle 0.
Figure D-2 shows the result for 800 nm.
It is desirable to keep the incident angle 0 as small as possible (but not zero to prevent
back reflection) to minimize reflections for s-polarization, and we can choose a proper film
thickness in this range.
D.2 Prism for beam separation
R1
n 01 Pin
.2
R2
Pout
Figure D-3: Prism for beam separation.
The separation of output beam closely adjacent to input beam of the interferometer is
one of the difficult tasks of the experiment presented in Chapter 7. For the separation,
prism with high quality polished surface can be used.
Figure D-3 shows the prism for beam separation. To minimize the loss from reflections,
we should find the right incident angle. Since the polarization state is s-polarization, we
cannot simply use Brewster angle for p-polarization.
For s-polarization, the first reflectance R 1 is
cos ~ si 21 - ol """
R1 = CO ,1-n n (D. 7)
Cos 01 + n 1-in 2 " l
n2
and the second reflectance R 2 is
cOS 03 - - n2 sin2 03
R2 =n 2n2 (D.8)
COS 03 + -A \ l -- n2 sin2 03
141
where 03 = a - 02 = a - sin-I(L ).
The power loss by reflections is
{|R 1l2 + (1- RI12 ) R2| 2 } Pin (D.9)
and we find the incident angle to minimize this value.
We calculated the reflections for BaF 2 prism. The apex angle a is 68.590. At 800 nm,
the refractive index is n = 1.4705. Figure D-4 shows the total power reflection, R 1 2 + (1 -
IRI1 2 )R 2 12 , as a function of incident angle 01.
10 20 30 40 50
incident angle (degrees)
60 70 80 90
Figure D-4: Total power reflectivity as a function of incident angle.
The reflectivity under 39.60 incident angle is 1 due to the total internal reflection of R 2.
The reflectivity is minimized to 25.4 % at 560 incident angle. For balancing two output
beams, we need to adjust the loss of the other arm to compensate this 25.4 % of power loss.
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